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Ïðåäëàãàåòñÿ íîâûé ìåòîä ðåøåíèÿ çàäà÷è ðàñ÷åòà âîçìóùåííîé äâóõèìïóëüñíîé òðàåêòîðèè ïåðåëåòà çà
çàäàííîå âðåìÿ ìåæäó êðóãîâûìè îêîëîçåìíîé è îêîëîëóííîé îðáèòàìè çàäàííîé âûñîòû è íàêëîíåíèÿ. Íà âñåõ
ó÷àñòêàõ òðàåêòîðèè ó÷èòûâàþòñÿ óñêîðåíèÿ ñèë ïðèòÿæåíèÿ Çåìëè, Ëóíû è Ñîëíöà êàê òî÷å÷íûõ ìàññ è óñêî-
ðåíèå îò âòîðîé çîíàëüíîé ãàðìîíèêè ãåîïîòåíöèàëà. Ðàñ÷åò òðàåêòîðèè ïåðåëåòà ñâîäèòñÿ ê ðåøåíèþ äâóõòî-
÷å÷íîé êðàåâîé çàäà÷è äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Ðàçðàáîòàííûé ìåòîä îñíî-
âàí íà ìåòîäå ïðîäîëæåíèÿ è íå òðåáóåò íà÷àëüíîãî ïðèáëèæåíèÿ äëÿ ðåøåíèÿ êðàåâîé çàäà÷è.

Êëþ÷åâûå ñëîâà: òðàåêòîðèÿ ïåðåëåòà ê Ëóíå, äâóõèìïóëüñíûé ïåðåëåò, îêîëîëóííàÿ îðáèòà, ìåòîä ïðîäîë-
æåíèÿ, ïðîåêòíî-áàëëèñòè÷åñêèé àíàëèç

Ââåäåíèå

Ðàññìàòðèâàåòñÿ çàäà÷à ðàñ÷åòà äâóõèìïóëüñ-
íîãî ïåðåëåòà ìåæäó îðáèòàìè èñêóññòâåííûõ
ñïóòíèêîâ Çåìëè è Ëóíû ñ ó÷åòîì âëèÿíèÿ îñíîâ-
íûõ âîçìóùàþùèõ óñêîðåíèé. Ïîñòàíîâêà çàäà-
÷è íå ÿâëÿåòñÿ íîâîé è ìíîãîêðàòíî ðàññìàòðè-
âàëàñü â ñâÿçè ñ ïîäãîòîâêîé è ðåàëèçàöèåé ïðî-
ãðàìì èññëåäîâàíèÿ Ëóíû ñ ïîìîùüþ àâòîìàòè-
÷åñêèõ è ïèëîòèðóåìûõ êîñìè÷åñêèõ àïïàðàòîâ
(ÊÀ), íàïðèìåð â [1—9]. Îäíàêî ó÷åò ñèë ïðèòÿ-
æåíèÿ Çåìëè, Ëóíû è Ñîëíöà íà âñåõ ó÷àñòêàõ

ïåðåëåòà, ñóùåñòâåííûé äëÿ îáåñïå÷åíèÿ ïðàêòè-
÷åñêè òðåáóåìîé òî÷íîñòè âû÷èñëåíèé, ïðèâîäèò
ê íåîáõîäèìîñòè ðåøåíèÿ äîñòàòî÷íî ñëîæíîé
êðàåâîé çàäà÷è äëÿ ñèñòåìû îáûêíîâåííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé.

Ñóùåñòâóþùèå ìåòîäû ðåøåíèÿ ïîçâîëÿþò
ðåøàòü òàêóþ êðàåâóþ çàäà÷ó, îäíàêî îñòàåòñÿ
çàäà÷à îáåñïå÷åíèÿ âû÷èñëèòåëüíîé óñòîé÷èâîñòè
ìåòîäà ïðè ïðîâåäåíèè ðàñ÷åòà áîëüøîãî ÷èñëà
òðàåêòîðèé, íåîáõîäèìîãî äëÿ ïðîåêòíî-áàëëèñ-
òè÷åñêîãî àíàëèçà ïåðñïåêòèâíûõ ëóííûõ ìèññèé.
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Â ýòîé ñòàòüå ïðåäëàãàåòñÿ ïðèìåíèòü ê ðåøå-
íèþ êðàåâîé çàäà÷è ïåðåëåòà ìåæäó êðóãîâûìè
îêîëîçåìíîé è îêîëîëóííîé îðáèòàìè óñòîé÷è-
âûé ìåòîä ïðîäîëæåíèÿ ïî ïàðàìåòðó [10—14], õî-
ðîøî çàðåêîìåíäîâàâøèé ñåáÿ â çàäà÷àõ îïòèìè-
çàöèè òðàåêòîðèé ÊÀ ñ ìàëîé òÿãîé.

Â ïåðâîì ðàçäåëå ñòàòüè ïðèâîäèòñÿ ðàññìàò-
ðèâàåìàÿ ñõåìà ïåðåëåòà, âî âòîðîì ðàçäåëå – ìà-
òåìàòè÷åñêàÿ ìîäåëü äâèæåíèÿ ÊÀ, â êîòîðîé
çàäà÷à ðàñ÷åòà òðàåêòîðèè ñâîäèòñÿ ê êðàåâîé
çàäà÷å ñ òðåìÿ íåèçâåñòíûìè ïàðàìåòðàìè äëÿ
ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé, îïèñûâàþùèõ âîçìóùåííîå äâèæåíèå ÊÀ
â ñèñòåìå Çåìëÿ—Ëóíà. Â òðåòüåì ðàçäåëå ïðèâî-
äèòñÿ îïèñàíèå ìåòîäà ðåøåíèÿ êðàåâîé çàäà÷è,
êîòîðûé ñîñòîèò èç ìåòîäà âû÷èñëåíèÿ íà÷àëüíî-
ãî ïðèáëèæåíèÿ è ìåòîäà ðåøåíèÿ êðàåâîé çàäà-
÷è ñ èñïîëüçîâàíèåì ïðîäîëæåíèÿ ïî ïàðàìåòðó.
Â ïîñëåäíåì ðàçäåëå ïðèâåäåí ÷èñëåííûé ïðèìåð
ñ ðàñ÷åòàìè çàâèñèìîñòåé îñíîâíûõ òðàåêòîðíûõ
ïàðàìåòðîâ îò äàòû ñòàðòà è äëèòåëüíîñòè ïåðå-
ëåòà.

1. Ñõåìà ïåðåëåòà

Ðàññìàòðèâàåòñÿ çàäà÷à ðàñ÷åòà äâóõèìïóëüñ-
íîãî ïåðåëåòà ìåæäó êðóãîâûìè îêîëîçåìíîé è
îêîëîëóííîé îðáèòàìè ñ çàäàííûìè âûñîòàìè è
íàêëîíåíèÿìè çà çàäàííîå âðåìÿ. Èñïîëüçóåòñÿ
ìàòåìàòè÷åñêàÿ ìîäåëü äâèæåíèÿ, ó÷èòûâàþùàÿ
íà âñåõ ó÷àñòêàõ äâèæåíèÿ ÊÀ ïðèòÿæåíèå Çåì-
ëè, Ëóíû è Ñîëíöà êàê òî÷å÷íûõ ìàññ è âòîðóþ
çîíàëüíóþ ãàðìîíèêó ãðàâèòàöèîííîãî ïîòåíöè-
àëà Çåìëè. Ïåðâûé èìïóëüñ ñêîðîñòè âûäàåòñÿ íà
íà÷àëüíîé îêîëîçåìíîé îðáèòå è âûâîäèò ÊÀ íà
òðàåêòîðèþ ïåðåëåòà ê Ëóíå. Â ìîìåíò ïðîëåòà
Ëóíû íà ìèíèìàëüíîì ðàññòîÿíèè âûäàåòñÿ âòî-
ðîé èìïóëüñ ñêîðîñòè, ïåðåâîäÿùèé ÊÀ íà îêî-
ëîëóííóþ îðáèòó. Äëÿ ìèíèìèçàöèè ñóììàðíîãî
èìïóëüñà ñêîðîñòè ïîëàãàåòñÿ, ÷òî èìïóëüñ ñêî-
ðîñòè ïðè îòëåòå ñ îêîëîçåìíîé îðáèòû äîëæåí
áûòü íàïðàâëåí âäîëü âåêòîðà ãåîöåíòðè÷åñêîé
ñêîðîñòè ÊÀ, à ïðè âûâåäåíèè íà îðáèòó âîêðóã
Ëóíû — ïðîòèâ âåêòîðà ñåëåíîöåíòðè÷åñêîé ñêî-
ðîñòè ÊÀ. Ðàññìàòðèâàåìàÿ ñõåìà ïåðåëåòà ìåæ-
äó êðóãîâûìè îðáèòàìè îêîëîçåìíîé è îêîëîëóí-
íîé ïðåäñòàâëåíà íà ðèñ. 1.

Èñõîäíûìè äàííûìè äëÿ âû÷èñëåíèÿ òðàåê-
òîðèè ÿâëÿþòñÿ: âðåìÿ âûäà÷è ïåðâîãî èìïóëüñà
t0, âûñîòà h0 è íàêëîíåíèå i0 íà÷àëüíîé êðóãîâîé
îêîëîçåìíîé îðáèòû, âðåìÿ ïåðåëåòà T (ïðîìåæó-
òîê âðåìåíè ìåæäó ìîìåíòàìè âûäà÷è ïåðâîãî è
âòîðîãî èìïóëüñîâ ñêîðîñòè), âûñîòà hk è íàêëî-
íåíèå ik êîíå÷íîé êðóãîâîé îêîëîëóííîé îðáèòû.

Äëÿ ðåøåíèÿ çàäà÷è òðåáóåòñÿ âû÷èñëèòü âåê-

òîð îòëåòíîãî èìïóëüñà ñêîðîñòè 1ΔV . Óñëîâèå

êîëëèíåàðíîñòè 1ΔV  òåêóùåìó âåêòîðó îðáèòàëü-

íîé ñêîðîñòè ÊÀ äåëàåò çàäà÷ó âû÷èñëåíèÿ 1ΔV

ýêâèâàëåíòíîé çàäà÷å âû÷èñëåíèÿ 1VΔ  = | 1ΔV |,

äîëãîòû âîñõîäÿùåãî óçëà 0Ω  íà÷àëüíîé îêîëî-

çåìíîé îðáèòû è àðãóìåíòà øèðîòû òî÷êè ïðèëî-
æåíèÿ ïåðâîãî èìïóëüñà ñêîðîñòè íà ýòîé îðáè-

òå u0. Êðîìå ïàðàìåòðîâ 1VΔ , 0Ω  è u0, íåîáõîäè-

ìî âû÷èñëèòü âåëè÷èíó âòîðîãî èìïóëüñà ñêîðî-

ñòè 2VΔ  è äîëãîòó âîñõîäÿùåãî óçëà êîíå÷íîé

îêîëîëóííîé îðáèòû kΩ , êîòîðàÿ â ðàìêàõ ðàñ-

ñìàòðèâàåìîé ïîñòàíîâêè çàäà÷è ïðåäïîëàãàåòñÿ
íåçàäàííîé.

2. Ìàòåìàòè÷åñêàÿ ìîäåëü äâèæåíèÿ

Â äàííîé ðàáîòå ìàòåìàòè÷åñêàÿ ìîäåëü ÊÀ
îñíîâàíà íà äèôôåðåíöèàëüíûõ óðàâíåíèÿõ äâè-
æåíèÿ â èíåðöèàëüíîé ãåîöåíòðè÷åñêîé ñèñòåìå
êîîðäèíàò EME2000, îòíåñåííîé ê ñðåäíåìó ýê-
âàòîðó è ñðåäíåìó ðàâíîäåíñòâèþ â ôóíäàìåí-
òàëüíóþ ýïîõó J2000 – 12 ÷àñîâ 1 ÿíâàðÿ 2000 ã. â
øêàëå çåìíîãî âðåìåíè (TT). Äëÿ àíàëèçà ñåëå-
íîöåíòðè÷åñêîãî äâèæåíèÿ ÊÀ èñïîëüçóåòñÿ
èíåðöèàëüíàÿ ñåëåíîöåíòðè÷åñêàÿ ñåëåíîýêâàòî-
ðèàëüíàÿ ñèñòåìà êîîðäèíàò LME2000.

Ïðÿìîå âîñõîæäåíèå pα  è ñêëîíåíèå pδ  (â

ãðàäóñàõ) âåêòîðà â íàïðàâëåíèè Ñåâåðíîãî ïîëþ-
ñà Ëóíû â ñèñòåìå êîîðäèíàò EME2000 îïðåäåëÿ-
þòñÿ ñîîòíîøåíèÿìè [15]:

Ðèñ. 1. Ñõåìà ïåðåëåòà ìåæäó îðáèòàìè îêîëîçåìíîé
è îêîëîëóííîé
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2 3 4 

6 10 13

269.9949  0.0031   3.8787 sin 

 0.1204 sin  0.0700 sin   0.0172sin

 0.0072 sin  0.0052 sin  0.0043 sin ;

p T E

E E E

E E E

α = + - -

- + - - +

+ - +
  

(1)

1 2

3 4 6

7 10 13

66.5392  0.0130  1 .5419 cos   0.0239 cos  

 0.0278 cos  0.0068 cos   0.0029 cos  

 0.0009 cos   0.0008 cos   0.0009 cos ,

p T E E

E E E

E E E

δ = + + + -

- + - +

+ + -

ãäå T = (JD(TDB) – 2451545.0)/36525;
JD(TDB) – þëèàíñêàÿ äàòà â ìàñøòàáå äèíà-

ìè÷åñêîãî áàðèöåíòðè÷åñêîãî âðåìåíè (TDB);
òðèãîíîìåòðè÷åñêèå àðãóìåíòû (â ãðàäóñàõ)

èìåþò âèä

E1 = 125.045 – 0.0529921d;

E2 = 250.089 – 0.1059842d;

E3 = 260.008 + 13.0120009d;

E4 = 176.625 + 13.3407154d;           (2)

E6 = 311.589 + 26.4057084d;

E7 = 134.963 + 13.0649930d;

E10 = 15.134 – 0.1589763d;

E13 = 25.053 + 12.9590088d;

d = JD(TDB) - 2451545 – ÷èñëî ñóòîê ñ 12 ÷à-
ñîâ 1 ÿíâàðÿ 2000 ãîäà (ôóíäàìåíòàëüíàÿ ýïîõà
J2000).

Åäèíè÷íûé âåêòîð â íàïðàâëåíèè Ñåâåðíîãî
ïîëþñà Ëóíû â ñèñòåìå êîîðäèíàò ÅÌÅ2000 çà-
ïèñûâàåòñÿ â âèäå:

ez = (cos pα  cos pδ , sin pα  cos pδ , sin pα )T;   (3)

ex = ez × e3 / |ez × e3|, ey = ez × ex,        (4)

ãäå e3 = (0, 0, 1)T – åäèíè÷íûé âåêòîð â íàïðàâëå-
íèè îñè Z ñèñòåìû êîîðäèíàò ÅÌÅ2000.

Òàêèì îáðàçîì, ìàòðèöà ïåðåõîäà îò ñåëåíî-
öåíòðè÷åñêèõ êîîðäèíàò ÊÀ â LME2000 xLME ê
ãåîöåíòðè÷åñêèì êîîðäèíàòàì ÊÀ â EME2000
xÅÌÅ èìååò âèä:

ÅÌÅ LÌÅ LÌÅ EÌÅ    :    ,(  )   .T
x y z= = =M e e e x Mx x M x (5)

Äëÿ âû÷èñëåíèÿ ãåîöåíòðè÷åñêèõ êîîðäèíàò
Ëóíû è Ñîëíöà, à òàêæå êîìïîíåíò âåêòîðà ãåî-
öåíòðè÷åñêîé ñêîðîñòè Ëóíû èñïîëüçóåòñÿ ýôå-
ìåðèäíîå ïðîãðàììíî-ìàòåìàòè÷åñêîå îáåñïå÷å-
íèå JPL DE405 [16].

Âõîäíûì ïàðàìåòðîì ýôåìåðèäíîãî îáåñïå÷å-
íèÿ DE405 ÿâëÿåòñÿ þëèàíñêàÿ äàòà â øêàëå äè-
íàìè÷åñêîãî áàðèöåíòðè÷åñêîãî âðåìåíè (TDB).
Äèíàìè÷åñêîå áàðèöåíòðè÷åñêîå âðåìÿ ðàâíî
ñóììå çåìíîãî âðåìåíè (TT) è ïåðèîäè÷åñêèõ
êîððåêöèé. Â ñâîþ î÷åðåäü, çåìíîå âðåìÿ ñâÿçà-
íî ñî âñåìèðíûì êîîðäèíèðîâàííûì âðåìåíåì
(UTC) ñîîòíîøåíèåì

TT = UTC + NLS + 32.184 ñ,           (6)

ãäå NLS (number of leap seconds) – ÷èñëî ñåêóíä
êîððåêöèè. Ïî ñîñòîÿíèþ íà íà÷àëî 2019 ãîäà
NLS = 37 c. Âûðàæåíèå äëÿ ðàñ÷åòà TDB ïî èçâå-
ñòíîìó TT èìååò âèä:

TDB = TT + 0.001657 sin(628.3076T + 6.2401) +

+ 0.000022 sin(575.3385 T + 4.2970) +

+ 0.000014 sin(1256.6152 T + 6.1969) +

+ 0.000005 sin(606.9777 T + 4.0212) +

+ 0.000005 sin(52.9691 T + 0.4444) +

+ 0.000002 sin(21.3299 T + 5.5431) +

+ 0.000010 T sin(628.3076 T + 4.24) + ...,   (7)

ãäå êîýôôèöèåíòû ïðèâåäåíû â ñåêóíäàõ, óãëîâûå
àðãóìåíòû – â ðàäèàíàõ, à T = (JD(TT) –
– 2451545.0)/36525 – ÷èñëî þëèàíñêèõ ñòîëåòèé
â çåìíîì âðåìåíè TT îò ôóíäàìåíòàëüíîé ýïîõè
J2000.

Ïðè ðàñ÷åòå òðàåêòîðèè ÊÀ ó÷èòûâàëèñü îñ-
íîâíûå âíåøíèå óñêîðåíèÿ, âêëþ÷àþùèå â ñåáÿ
óñêîðåíèÿ îò ñèë ïðèòÿæåíèÿ Çåìëè, Ëóíû è
Ñîëíöà êàê ìàòåðèàëüíûõ òî÷åê è óñêîðåíèå îò
âòîðîé çîíàëüíîé ãàðìîíèêè ãåîïîòåíöèàëà. Â
èíåðöèàëüíîé ãåîöåíòðè÷åñêîé ñèñòåìå êîîðäè-
íàò EME2000 óðàâíåíèÿ äâèæåíèÿ ÊÀ ñ ó÷åòîì
ýòèõ óñêîðåíèé èìåþò âèä:

23 3

3

,

,

E M M
J M

MM

S S
S

SS

d
dt

d
dt r r

r

μ
μ

μ

=

Ê ˆ-Á ˜= - + + ◊ - +
Á ˜-Ë ¯

Ê ˆ-Á ˜+ ◊ -
Á ˜-Ë ¯

3

3

x
v

x x xv
x a

x x

x x x

x x

    

(8)

ãäå x = (x, y, z)T – âåêòîð ãåîöåíòðè÷åñêîãî óäàëå-
íèÿ ÊÀ; v = (vx, vy, vz)

T – âåêòîð ãåîöåíòðè÷åñêîé
ñêîðîñòè ÊÀ; t – âðåìÿ (â øêàëå âñåìèðíîãî êî-
îðäèíèðîâàííîãî âðåìåíè UTC); xM – âåêòîð ãåî-
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öåíòðè÷åñêîãî ïîëîæåíèÿ Ëóíû; xS – âåêòîð ãåî-
öåíòðè÷åñêîãî ïîëîæåíèÿ Ñîëíöà; r = |x| – ãåî-
öåíòðè÷åñêîå óäàëåíèå ÊÀ; rM = |xM| – ãåîöåíòðè-
÷åñêîå óäàëåíèå Ëóíû; rS = |xS| – ãåîöåíòðè÷åñêîå

óäàëåíèå Ñîëíöà; , ,E M Sμ μ μ  – ãðàâèòàöèîííûå

ïàðàìåòðû Çåìëè, Ëóíû è Ñîëíöà ñîîòâåòñòâåí-
íî; aJ2 – âåêòîð âîçìóùàþùåãî óñêîðåíèÿ, îáóñ-
ëîâëåííîãî âòîðîé çîíàëüíîé ãàðìîíèêîé ãåîïî-
òåíöèàëà:

2

2

2 2
2

2 5 2

2

2

5 1

1
5 1 ;

2

5 3

E e
J

z
x

r

J R z
y

r r

z
z

r

μ

Ê ˆÊ ˆ
-Á ˜Á ˜Ë ¯Á ˜

Á ˜
Ê ˆÁ ˜

= -Á ˜Á ˜Ë ¯Á ˜
Á ˜
Ê ˆÁ ˜

-Á ˜Á ˜Ë ¯Ë ¯

a

              (9)

J2 – êîýôôèöèåíò âòîðîé çîíàëüíîé ãàðìîíè-
êè ãåîïîòåíöèàëà; Re – ýêâàòîðèàëüíûé ðàäèóñ
Çåìëè; x, y, z – êîìïîíåíòû âåêòîðà ãåîöåíòðè-
÷åñêîãî óäàëåíèÿ ÊÀ x.

Â ïðîöåññå ðåøåíèÿ êðàåâîé çàäà÷è ìîæåò
îêàçàòüñÿ, ÷òî ñåëåíîöåíòðè÷åñêîå óäàëåíèå ÊÀ
íà íåêîòîðûõ ó÷àñòêàõ íåêîòîðûõ ïðîìåæóòî÷íûõ
òðàåêòîðèé áóäåò ìåíüøå ðàäèóñà Ëóíû. Ýòî ìî-
æåò ïðèâåñòè ê òðóäíîñòÿì ïðè ÷èñëåííîì èíòåã-
ðèðîâàíèè óðàâíåíèé äâèæåíèÿ (8). Âî èçáåæàíèå
ýòîé ñèòóàöèè, ââîäèòñÿ ôèêòèâíîå ñåëåíîöåíò-
ðè÷åñêîå óäàëåíèå ÊÀ rmc: åñëè ñåëåíîöåíòðè÷åñ-
êîå óäàëåíèå ÊÀ rm (rm =|xm|, xm = x – xM) ìåíüøå
r*, òî rm â (8) çàìåíÿåòñÿ íà ôèêòèâíîå ñåëåíîöåí-
òðè÷åñêîå óäàëåíèå ÊÀ:

( )2 20,5 1 ,mc M m Mr R r R= +            (10)

ãäå RM = 1738 êì – ðàäèóñ Ëóíû, r* =RM. Èñïîëü-
çîâàíèå (10) îáåñïå÷èâàåò âûïîëíåíèå óñëîâèé

rmc = rm è drmc /drm = 1 ïðè rm = RM è rmc ≥ RM /2 äëÿ

ëþáîãî rm ≥ 0. Ðàçóìååòñÿ, ýòà çàìåíà íóæíà òîëüêî
äëÿ ïîâûøåíèÿ óñòîé÷èâîñòè ÷èñëåííîé ïðîöå-
äóðû ïðè ðåøåíèè êðàåâîé çàäà÷è. Òðàåêòîðèè,
ÿâëÿþùèåñÿ ðåøåíèåì êðàåâîé çàäà÷è, íà êàêèõ-
ëèáî ó÷àñòêàõ êîòîðûõ ñåëåíîöåíòðè÷åñêîå óäà-
ëåíèå ÊÀ ìåíüøå ðàäèóñà Ëóíû, íå ïðåäñòàâëÿ-
þò ïðàêòè÷åñêîãî èíòåðåñà è îòáðàêîâûâàþòñÿ.

Íà÷àëüíûå óñëîâèÿ äâèæåíèÿ ÊÀ îïðåäåëÿþò-
ñÿ çàäàííûìè ïàðàìåòðàìè íà÷àëüíîé îðáèòû
(âûñîòîé h0 è íàêëîíåíèåì i0) è íåèçâåñòíûìè
ïàðàìåòðàìè êðàåâîé çàäà÷è – äîëãîòîé âîñõîäÿ-

ùåãî óçëà íà÷àëüíîé îðáèòû 0Ω , àðãóìåíòîì øè-

ðîòû u0 òî÷êè ïðèëîæåíèÿ ïåðâîãî èìïóëüñà ñêî-

ðîñòè è âåëè÷èíîé ïåðâîãî èìïóëüñà ñêîðîñòè

1VΔ .

Ïîñëå âûäà÷è ïåðâîãî èìïóëüñà ñêîðîñòè ÊÀ
âûâîäèòñÿ íà òðàåêòîðèþ ïåðåëåòà ê Ëóíå. Â íà-
÷àëüíîé òî÷êå ýòîé òðàåêòîðèè, â ìîìåíò âðåìå-
íè t0 âåêòîðû ãåîöåíòðè÷åñêîãî ïîëîæåíèÿ è ãåî-
öåíòðè÷åñêîé ñêîðîñòè èìåþò âèä:

( )
( )

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0

cos cos sin sin cos ;

cos sin sin cos cos ;

sin sin ;

x r u u i

y r u u i

z r u i

Ω Ω

Ω Ω

¸= -
Ô
Ô= + ˝
Ô
Ô=
˛

    (11)

( )

( )

( )

( )

( )

0

0 0 0 0 0

0

0 0 0 0 0

0 0 0

1

sin cos cos sin cos ;

1

sin sin cos cos cos ;

1 cos sin .

E
x

E
y

E
z

v e
p

u u i

v e
p

u u i

v e u i
p

μ

Ω Ω

μ

Ω Ω

μ

¸
= + ¥ Ô

Ô
Ô
Ô¥ - -
Ô
ÔÔ= + ¥ ˝
Ô
Ô

¥ - + Ô
Ô
Ô
Ô= +
Ǫ̂

    

(12)

Çäåñü r0 = RE + h0 – ãåîöåíòðè÷åñêîå óäàëåíèå ÊÀ
â ìîìåíò âûäà÷è ïåðâîãî èìïóëüñà ñêîðîñòè; RE
– ñðåäíèé ðàäèóñ Çåìëè; p, e – îñêóëèðóþùèå ôî-
êàëüíûé ïàðàìåòð è ýêñöåíòðèñèòåò ãåîöåíòðè-
÷åñêîé îðáèòû ÊÀ ñîîòâåòñòâåííî ñðàçó ïîñëå
âûäà÷è ïåðâîãî èìïóëüñà ñêîðîñòè,

2 2
0 0

E

r v
p

μ
= ,  1

p
e

a
= - ,

ãäå 0 0 1;Ev r Vμ Δ= +  0
2

0 02
E

E

r
a

r v

μ

μ
=

-
  – áîëüøàÿ

ïîëóîñü îðáèòû.
Â êîíöå òðàåêòîðèè ïåðåëåòà, â ìîìåíò

tk = t0+T ïðîëåòà íà ìèíèìàëüíîì ðàññòîÿíèè îò

Ëóíû âûäàåòñÿ âòîðîé èìïóëüñ ñêîðîñòè 2VΔ , â

ðåçóëüòàòå ÷åãî ÊÀ ïåðåâîäèòñÿ íà êðóãîâóþ îð-
áèòó âîêðóã Ëóíû çàäàííîé âûñîòû è íàêëîíåíèÿ.
Äëÿ òîãî ÷òîáû ýòî áûëî ìîæíî ðåàëèçîâàòü ñ
ìèíèìàëüíûì çíà÷åíèåì 2VΔ , íåîáõîäèìî, ÷òî-

áû âåêòîð 2ΔV  áûë íàïðàâëåí ïðîòèâîïîëîæíî

âåêòîðó ñêîðîñòè ÊÀ â ìîìåíò ïîäëåòà ÊÀ ê Ëóíå
íà ìèíèìàëüíîå ðàññòîÿíèå, à ñàìî ýòî ðàññòîÿ-
íèå äîëæíî ðàâíÿòüñÿ çàäàííîìó ðàäèóñó êîíå÷-
íîé îðáèòû âîêðóã Ëóíû. ×òîáû óäîâëåòâîðèòü
âñå ýòè óñëîâèÿ, â ìîìåíò tk íà ïîäëåòíîé òðàåê-
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òîðèè äîëæíû áûòü âûïîëíåíû òðè ñëåäóþùèõ
ðàâåíñòâà:

( )
T

0,

0,

cos 0,

m M k

m m

mz
k

m

r R h

c
i

c

- + =

=

- =

x v

                (13)

ãäå  ) (T
m M= -x M x x  – âåêòîð ïîëîæåíèÿ ÊÀ â

èíåðöèàëüíîé ñåëåíîöåíòðè÷åñêîé ñåëåíîýêâàòî-
ðèàëüíîé ñèñòåìå êîîðäèíàò LME2000;

 ) (T
m M= -v M v v  – âåêòîð ñåëåíîöåíòðè÷åñêîé

ñêîðîñòè ÊÀ â èíåðöèàëüíîé ñåëåíîöåíòðè÷åñêîé
ñåëåíîýêâàòîðèàëüíîé ñèñòåìå êîîðäèíàò
LME2000;

 rm = |xm| — ñåëåíîöåíòðè÷åñêîå óäàëåíèå ÊÀ;

mx

m m m my

mz

c

c

c

Ê ˆ
Á ˜

= ¥ = Á ˜
Á ˜
Á ˜Ë ¯

c x v  – âåêòîðíàÿ ïîñòîÿííàÿ

ïëîùàäåé ñåëåíîöåíòðè÷åñêîãî äâèæåíèÿ ÊÀ â
ìîìåíò tk, cm = |cm|.

Òàêèì îáðàçîì, ñôîðìóëèðîâàíà ñëåäóþùàÿ
êðàåâàÿ çàäà÷à: íåîáõîäèìî íàéòè òàêèå çàðàíåå

íå èçâåñòíûå çíà÷åíèÿ 1VΔ , 0Ω  è u0, êîòîðûå

ïîñëå ïîäñòàíîâêè â íà÷àëüíûå óñëîâèÿ (11), (12)
è èíòåãðèðîâàíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé
äâèæåíèÿ ÊÀ (8) ñ ýòèìè íà÷àëüíûìè óñëîâèÿìè
â ìîìåíò t0 ïðèâîäÿò ê òàêèì êîíå÷íûì çíà÷åíè-
ÿì ôàçîâîãî âåêòîðà ÊÀ â ìîìåíò tk, êîòîðûå
óäîâëåòâîðÿþò êîíå÷íûì óñëîâèÿì (13).

Ïîñëå ðåøåíèÿ ýòîé êðàåâîé çàäà÷è âåëè÷è-
íà âòîðîãî èìïóëüñà ñêîðîñòè âû÷èñëÿåòñÿ ñ èñ-
ïîëüçîâàíèåì ñëåäóþùåãî ñîîòíîøåíèÿ:

( )2 ,M
m k

M k

V t
R h

μ
Δ = -

+
v                (14)

ãäå ( ) ( ) ( )( )T
m k k M kt t t= -v M v v  – ñåëåíîöåíòðè-

÷åñêàÿ ñêîðîñòü ÊÀ â LME2000.

3. Ìåòîä ðåøåíèÿ êðàåâîé çàäà÷è

Ðàñ÷åò òðàåêòîðèè íà÷àëüíîãî ïðèáëèæåíèÿ

Ðàñ÷åò òðàåêòîðèè íà÷àëüíîãî ïðèáëèæåíèÿ
íåîáõîäèì äëÿ îáåñïå÷åíèÿ ñõîäèìîñòè ðåøåíèÿ
êðàåâîé çàäà÷è. Òðàåêòîðèÿ íà÷àëüíîãî ïðèáëè-
æåíèÿ ðàññ÷èòûâàåòñÿ êàê êåïëåðîâñêàÿ òðàåêòî-

ðèÿ â öåíòðàëüíîì íüþòîíîâñêîì ãðàâèòàöèîí-
íîì ïîëå Çåìëè, êàñàþùàÿñÿ â íà÷àëüíûé ìîìåíò
âðåìåíè (ìîìåíò âûäà÷è ïåðâîãî èìïóëüñà ñêî-
ðîñòè t0) íà÷àëüíîé îðáèòû ÈÑÇ è äîñòèãàþùàÿ
çàäàííîé òî÷êè ïðèöåëèâàíèÿ â îêðåñòíîñòè
Ëóíû â êîíå÷íûé ìîìåíò âðåìåíè tk = t0 + T.

Òî÷êîé ïðèöåëèâàíèÿ ìîæåò ÿâëÿòüñÿ öåíòð
ìàññ Ëóíû â ìîìåíò âðåìåíè tk ñ ãåîöåíòðè÷åñ-
êèì âåêòîðîì xM. Îäíàêî âîçìîæíî ñóùåñòâîâà-
íèå íåñêîëüêèõ ðàçëè÷íûõ òèïîâ ðåøåíèé, íà-
ïðèìåð ðåøåíèÿ ñ ïîäëåòîì ê Ëóíå íàä þæíîé
èëè ñåâåðíîé ïîëóñôåðîé. Âñå ýòè ðåøåíèÿ ìî-
ãóò ïðåäñòàâëÿòü èíòåðåñ ïðè ïðîâåäåíèè ïðîåê-
òíî-áàëëèñòè÷åñêîãî àíàëèçà. Äëÿ îáåñïå÷åíèÿ
ñõîäèìîñòè êðàåâîé çàäà÷è è ïîèñêà ðåøåíèé ñ
ðàçëè÷íûìè óñëîâèÿìè ïîäëåòà ÊÀ ê Ëóíå ââåäå-
íà âîçìîæíîñòü ñìåùåíèÿ òî÷êè ïðèöåëèâàíèÿ
îòíîñèòåëüíî öåíòðà ìàññ Ëóíû. Ñìåùåíèå òî÷-
êè ïðèöåëèâàíèÿ çàäàåòñÿ ïðîåêöèÿìè ñåëåíîöåí-
òðè÷åñêîãî âåêòîðà ïðèöåëèâàíèÿ íà âîñòî÷íîå,
ñåâåðíîå è ðàäèàëüíîå íàïðàâëåíèÿ. Ñåâåðíîå
íàïðàâëåíèå îïðåäåëÿåòñÿ åäèíè÷íûì âåêòîðîì â
íàïðàâëåíèè Ñåâåðíîãî ïîëþñà Ëóíû eN = ez
(ôîðìóëà (3)). Âîñòî÷íîå íàïðàâëåíèå îïðåäåëÿ-

åòñÿ åäèíè÷íûì âåêòîðîì M N
E

M N

¥
=

¥

x e
e

x e
, à «ðàäè-

àëüíîå» – åäèíè÷íûì âåêòîðîì .R N E= ¥e e e

Â îáùåì ñëó÷àå ãåîöåíòðè÷åñêèé âåêòîð òî÷-
êè ïðèöåëèâàíèÿ xt îïðåäåëÿåòñÿ âûðàæåíèåì

,t M N N E E R Rr r rΔ Δ Δ= + + +x x e e e         (15)

ãäå , ,E R Nr r rΔ Δ Δ  – êîìïîíåíòû âåêòîðà ñìåùå-

íèÿ òî÷êè ïðèöåëèâàíèÿ îò öåíòðà ìàññ Ëóíû â

áàçèñå ,( ., )E R Ne e e

Àëãîðèòì âû÷èñëåíèÿ òðàåêòîðèè íà÷àëüíîãî
ïðèáëèæåíèÿ ñëåäóþùèé.

1) Äëÿ çàäàííûõ 0kt t T= +  è ñìåùåíèé

, ,E R Nr r rΔ Δ Δ  ïî ïðèâåäåííîìó âûøå àëãîðèòìó

âû÷èñëÿåòñÿ âåêòîð ãåîöåíòðè÷åñêîãî ïîëîæåíèÿ
ïðèöåëüíîé òî÷êè xt. Âû÷èñëÿþòñÿ ïðÿìîå âîñ-
õîæäåíèå è ñêëîíåíèå òî÷êè ïðèöåëèâàíèÿ â
EME2000:

2 2 2 2
arcsin ,cos ,sin .t t t

t t t
t t t t t

z x y

r x y x y
δ α α= = =

+ +

2) Âû÷èñëÿåòñÿ äîëãîòà âîñõîäÿùåãî óçëà
îïîðíîé îðáèòû. Äëÿ «ñåâåðíîé» òðàåêòîðèè ïå-
ðåëåòà ê Ëóíå äîëãîòà âîñõîäÿùåãî óçëà îïîðíîé
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îðáèòû äëÿ òðàåêòîðèè íà÷àëüíîãî ïðèáëèæåíèÿ
îïðåäåëÿåòñÿ ñîîòíîøåíèåì

0
0

tan
arcsin ,

tan
t

t i

δ
Ω π α= - + +

à äëÿ «þæíîé» òðàåêòîðèè – ñîîòíîøåíèåì

0
0

tan
arcsin .

tan
t

t i

δ
Ω α= -

Ñëåäóåò îáðàòèòü âíèìàíèå, ÷òî îáà ðåøåíèÿ
ñóùåñòâóþò òîëüêî åñëè íàêëîíåíèå íà÷àëüíîé
îêîëîçåìíîé îðáèòû i0 íå ìåíüøå ñêëîíåíèÿ ïðè-

öåëüíîé òî÷êè tδ .

3) Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ äëÿ
àðãóìåíòà øèðîòû â ìîìåíò âûäà÷è ïåðâîãî èì-
ïóëüñà ñêîðîñòè âûáèðàåòñÿ u0 = 0. Óñòàíàâëèâà-

åòñÿ íåêîòîðîå áîëüøîå çíà÷åíèå äëÿ *ω , íàïðè-

ìåð *ω = 106.
4) Âû÷èñëÿåòñÿ ãåîöåíòðè÷åñêèé âåêòîð x0

ïîëîæåíèÿ ÊÀ â EME2000 êàê âåêòîð ïîëîæåíèÿ
íà êðóãîâîé îðáèòå ðàäèóñîì RE + h0, íàêëîíåíè-

åì i0 è äîëãîòîé âîñõîäÿùåãî óçëà 0Ω  â òî÷êå ñ

àðãóìåíòîì øèðîòû u0.
5) Ðåøàåòñÿ çàäà÷à Ëàìáåðòà î ïåðåëåòå â öåí-

òðàëüíîì íüþòîíîâñêîì ãðàâèòàöèîííîì ïîëå
Çåìëè çà âðåìÿ T ìåæäó ãåîöåíòðè÷åñêèìè ïîëî-
æåíèÿìè, îïðåäåëÿåìûìè âåêòîðàìè x0 è xt. Â
ðåçóëüòàòå ðåøåíèÿ ýòîé çàäà÷è Ëàìáåðòà îïðå-
äåëÿåòñÿ íà÷àëüíûé âåêòîð ãåîöåíòðè÷åñêîé ñêî-
ðîñòè ÊÀ ïîñëå âûäà÷è ïåðâîãî èìïóëüñà v1 è
çàòåì, ïî èçâåñòíûì âåêòîðó ïîëîæåíèÿ x0 è âåê-
òîðó ñêîðîñòè v1 ÊÀ â íà÷àëå òðàåêòîðèè ïåðåëå-
òà, îïðåäåëÿþòñÿ îðáèòàëüíûå ýëåìåíòû òðàåêòî-
ðèè ïåðåëåòà ê ïðèöåëüíîé òî÷êå: ôîêàëüíûé
ïàðàìåòð p1, ýêñöåíòðèñèòåò e1, íàêëîíåíèå i1,

äîëãîòà âîñõîäÿùåãî óçëà 1Ω , àðãóìåíò ïåðèãåÿ

1ω  è èñòèííàÿ àíîìàëèÿ ÊÀ â íà÷àëüíîé òî÷êå

òðàåêòîðèè 1ν .

6) Ïðîâåðÿåòñÿ âûïîëíåíèå óñëîâèÿ

1 *| |  ω ω ε- £ , ãäå ε — çàäàííàÿ òî÷íîñòü ðåøåíèÿ.

Åñëè ýòî óñëîâèå âûïîëíåíî, òî ïðîèçâîäèòñÿ
âûõîä èç àëãîðèòìà îïðåäåëåíèÿ òðàåêòîðèè íà-
÷àëüíîãî ïðèáëèæåíèÿ. Íà÷àëüíîå ïðèáëèæåíèå
äëÿ äîëãîòû âîñõîäÿùåãî óçëà íà÷àëüíîé îêîëî-

çåìíîé îðáèòû ðàâíî 1Ω , íà÷àëüíîå ïðèáëèæåíèå

äëÿ àðãóìåíòà øèðîòû òî÷êè ïðèëîæåíèÿ ïåðâî-

ãî èìïóëüñà ñêîðîñòè ðàâíî 1ω , à íà÷àëüíîå ïðè-

áëèæåíèå äëÿ âåëè÷èíû ïåðâîãî èìïóëüñà ñêîðî-
ñòè ðàâíî |v1 – v0|, ãäå v0 – âåêòîð ãåîöåíòðè÷åñ-
êîé ñêîðîñòè ÊÀ íà êðóãîâîé îðáèòå ÈÑÇ ðàäè-
óñîì RE + h0, íàêëîíåíèåì i0 è äîëãîòîé âîñõîäÿ-

ùåãî óçëà 0Ω  â òî÷êå ñ àðãóìåíòîì øèðîòû u0.

7) Åñëè óñëîâèå 1 *| |  ω ω ε- £  íå âûïîëíÿåòñÿ,

òî óñòàíàâëèâàåòñÿ u0 = 1ω , *ω = 1ω  è ïåðåõîäÿò ê

ï. 4 àëãîðèòìà.

Ðåøåíèå êðàåâîé çàäà÷è
ìåòîäîì ïðîäîëæåíèÿ ïî ïàðàìåòðó

Äëÿ ðåøåíèÿ êðàåâîé çàäà÷è èñïîëüçóåòñÿ
ìåòîä ïðîäîëæåíèÿ ïî ïàðàìåòðó [10, 12, 13].
Ñóùíîñòü ìåòîäà ïðîäîëæåíèÿ çàêëþ÷àåòñÿ â
ôîðìàëüíîé ðåäóêöèè ðàññìàòðèâàåìîé êðàåâîé
çàäà÷è ê çàäà÷å Êîøè. Êðàåâóþ çàäà÷ó äëÿ ñèñòå-
ìû äèôôåðåíöèàëüíûõ óðàâíåíèé (8) ñ êðàåâûìè
óñëîâèÿìè (11)—(13) ìîæíî ïðåäñòàâèòü â âèäå
óðàâíåíèÿ äëÿ íåâÿçîê íà ïðàâîì êîíöå òðàåêòî-
ðèè:

( ) 0,=f z                           (16)

ãäå z = (u0, 0Ω , 1VΔ ) – âåêòîð íåèçâåñòíûõ ïàðà-

ìåòðîâ êðàåâîé çàäà÷è; âåêòîð f ñîñòîèò èç ïðà-
âûõ ÷àñòåé êîíå÷íûõ óñëîâèé (13).

Ïðè íåêîòîðîì íà÷àëüíîì ïðèáëèæåíèè äëÿ
íåèçâåñòíûõ ïàðàìåòðîâ êðàåâîé çàäà÷è z0 âû÷èñ-
ëèì âåêòîð íåâÿçîê (16):

0( ) .=f z b                        (17)

Ðàññìîòðèì ïîãðóæåíèå óðàâíåíèÿ (16) â îä-
íîïàðàìåòðè÷åñêîå ñåìåéñòâî

( )( ) 1 ,τ= -f z b                    (18)

ãäå τ  — ïàðàìåòð ïðîäîëæåíèÿ, è ïðåäñòàâèì âåê-
òîð z â âèäå ôóíêöèè îò ýòîãî ïàðàìåòðà: z = z( τ ),
ïðè÷åì z(0) = z0 èç óðàâíåíèÿ (17). Ïîòðåáóåì

âûïîëíåíèÿ ðàâåíñòâà (18) äëÿ ëþáîãî 0 ≤ τ ≤ 1.
Î÷åâèäíî, ÷òî ïðè τ = 0 óðàâíåíèå (18) ñîâïàäà-
åò ñ (17), à ïðè τ = 1 – ñ óðàâíåíèåì äëÿ íåâÿçîê
äëÿ èñêîìîé êðàåâîé çàäà÷è (16).

Óðàâíåíèå (18) ôàêòè÷åñêè ïðåäñòàâëÿåò íüþ-
òîíîâñêóþ ãîìîòîïèþ ìåæäó ñèñòåìîé óðàâ-
íåíèé f(z) – b = 0 ñ èçâåñòíûì ðåøåíèåì z = z0 è
èñõîäíîé ñèñòåìîé óðàâíåíèé f(z) = 0.

Äèôôåðåíöèðóÿ óðàâíåíèå (18) ïî ïàðàìåòðó
ïðîäîëæåíèÿ τ  è ðàçðåøàÿ ïîëó÷åííîå âûðàæå-
íèå îòíîñèòåëüíî ïðîèçâîäíîé dz/d τ , ïîëó÷èì
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ôîðìàëüíóþ ðåäóêöèþ óðàâíåíèÿ (16) ê çàäà÷å
Êîøè:

1

0

,

(0) ,   0 1.

d
dτ

τ

-∂Ê ˆ= -Á ˜Ë ¯∂

= £ £

z f
b

z

z z
                (19)

Î÷åâèäíî, ÷òî, èíòåãðèðóÿ (19) ïî τ  îò 0 äî 1,
â ñèëó (17), (18) ìîæíî îïðåäåëèòü èñêîìûé âåê-
òîð íåèçâåñòíûõ ïàðàìåòðîâ êðàåâîé çàäà÷è (16)
â âèäå z = z(1). Ôàêòè÷åñêè, äëÿ ðàññìàòðèâàåìîé
êðàåâîé çàäà÷è, (19) ðåàëèçóåò ïðîäîëæåíèå ïî
êîíå÷íûì êðàåâûì óñëîâèÿì îò íà÷àëüíîãî ðåøå-
íèÿ, ñîîòâåòñòâóþùåãî íà÷àëüíîìó ïðèáëèæåíèþ
äëÿ íåèçâåñòíûõ ïàðàìåòðîâ êðàåâîé çàäà÷è, äî
èñêîìîãî ðåøåíèÿ.

Äèôôåðåíöèàëüíûå óðàâíåíèÿ (19) áóäåì íà-
çûâàòü äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ìåòî-
äà ïðîäîëæåíèÿ. Äëÿ ïðèìåíèìîñòè ìåòîäà ïðî-
äîëæåíèÿ íåîáõîäèìî ñóùåñòâîâàíèå è íåâûðîæ-

äåííîñòü ìàòðèöû ÷àñòíûõ ïðîèçâîäíûõ /∂ ∂f z

íà âñåì èíòåðâàëå ïðîäîëæåíèÿ [0;1].τ Œ  Äëÿ

óëó÷øåíèÿ ñõîäèìîñòè ïðîöåññà ðåøåíèÿ ðàñ-
ñìàòðèâàåìîé êðàåâîé çàäà÷è öåëåñîîáðàçíî ââå-
äåíèå ïàðàìåòðà ïðîäîëæåíèÿ τ  â ïðàâûå ÷àñòè
äèôôåðåíöèàëüíûõ óðàâíåíèé äâèæåíèÿ è â êðà-
åâûå óñëîâèÿ. Â ýòîì ñëó÷àå ôóíêöèÿ íåâÿçîê f
ÿâíî çàâèñèò îò ïàðàìåòðà ïðîäîëæåíèÿ τ , à äèô-
ôåðåíöèàëüíûå óðàâíåíèÿ ìåòîäà ïðîäîëæåíèÿ
ïðèìóò âèä:

1 .
d
dt τ

- ∂Ê ˆ= - +Á ˜Ë ¯∂z
z f

f b                  (20)

Â ðàññìàòðèâàåìîé êðàåâîé çàäà÷å ïàðàìåòð
ïðîäîëæåíèÿ ââîäèòñÿ â êðàåâûå óñëîâèÿ ñëåäó-
þùèì îáðàçîì:

( ) ( ) ( ) ( )( )1 , 1 0,k ttτ τ τ= + - - =f z f z x x    (21)

à â äèôôåðåíöèàëüíûå óðàâíåíèÿ äâèæåíèÿ –

23 3

3

,

.

M M M
J M

MM

S S
S

SS

d
dt

d
dt r r

r

μ
τ μ

μ

=

È Ê ˆ-Í Á ˜= - + + ◊ - +Í Á ˜-Ë ¯ÍÎ

˘Ê ˆ- ˙Á ˜+ ◊ - ˙Á ˜-Ë ¯ ˙̊

3

3

x
v

x x xv
x a

x x

x x x

x x

  

(22)

Êðàåâàÿ çàäà÷à (21), (22) ñ ñîîòâåòñòâóþùèìè
êðàåâûìè óñëîâèÿìè îáëàäàåò ñëåäóþùèì ñâîé-
ñòâîì: ïðè τ = 0 ýòà êðàåâàÿ çàäà÷à ñîîòâåòñòâóåò
òðàåêòîðèè íà÷àëüíîãî ïðèáëèæåíèÿ (òðàåêòîðèè
ïåðåëåòà â ïðèöåëüíóþ òî÷êó â öåíòðàëüíîì íüþ-
òîíîâñêîì ãðàâèòàöèîííîì ïîëå Çåìëè), à ïðè
τ = 1 – çàäà÷å ïåðåëåòà íà îêîëîëóííóþ îðáèòó ñ
ó÷åòîì ïðèòÿæåíèÿ Ëóíû, Ñîëíöà è âëèÿíèÿ âòî-
ðîé çîíàëüíîé ãàðìîíèêè ãåîïîòåíöèàëà. Ïðè
èñïîëüçîâàíèè ñõåìû ïðîäîëæåíèÿ ñ çàìåíîé â
(17), (20) f íà f1 è ïðè òî÷íîì èíòåãðèðîâàíèè
äèôôåðåíöèàëüíûõ óðàâíåíèé ìåòîäà ïðîäîëæå-
íèÿ (20), íåâÿçêè (21) áóäóò îñòàâàòüñÿ íóëåâûìè
íà âñåì èíòåðâàëå ïðîäîëæåíèÿ ïî τ  îò 0 äî 1.
Èìåííî ýòîò âàðèàíò ìåòîäà ïðîäîëæåíèÿ áûë
èñïîëüçîâàí â ýòîé ðàáîòå.

Óðàâíåíèÿ (22) èíòåãðèðóþòñÿ ìåòîäîì Äîð-
ìàíäà—Ïðèíñà 7(8) ïîðÿäêà òî÷íîñòè ñ àâòîìà-
òè÷åñêèì âûáîðîì øàãà èíòåãðèðîâàíèÿ [17].
Ìàòðèöà ÷àñòíûõ ïðîèçâîäíûõ fz âû÷èñëÿåòñÿ ñ
ïîìîùüþ ìåòîäà êîìïëåêñíîãî øàãà [18, 19],
îáåñïå÷èâàþùåãî òî÷íîñòü âû÷èñëåíèÿ ïåðâûõ
ïðîèçâîäíûõ òîãî æå ïîðÿäêà, ÷òî è òî÷íîñòü âû-
÷èñëåíèÿ ñàìèõ ôóíêöèé.

4. ×èñëåííûé ïðèìåð

Áóäåì èñïîëüçîâàòü ñëåäóþùèå çíà÷åíèÿ îñ-
íîâíûõ àñòðîäèíàìè÷åñêèõ ïîñòîÿííûõ [20, 21]:

• ãðàâèòàöèîííûé ïàðàìåòð Çåìëè

Eμ = 398600,4356 êì3/ñ2;

• ãðàâèòàöèîííûé ïàðàìåòð Ëóíû

Mμ = 4902,799 êì3/ñ2;

• ãðàâèòàöèîííûé ïàðàìåòð Ñîëíöà

Sμ = 1,327124400179870·1011 êì3/ñ2;

• ñðåäíèé ðàäèóñ Çåìëè

RE = 6371 êì;

• ýêâàòîðèàëüíûé ðàäèóñ Çåìëè

Re = 6378,17 êì

• êîýôôèöèåíò âòîðîé çîíàëüíîé ãàðìîíèêè
â ðàçëîæåíèè ãåîïîòåíöèàëà

J2 = 1082,628·10-6;

• ñðåäíèé ðàäèóñ Ëóíû

RM = 1738 êì

Ðàññìîòðèì çàäà÷ó ðàñ÷åòà «ñåâåðíîé» òðàåê-
òîðèè ïåðåëåòà ñ êðóãîâîé îðáèòû èñêóññòâåííîãî
ñïóòíèêà Çåìëè, èìåþùåé âûñîòó 200 êì è íàêëî-
íåíèå 45°, íà êðóãîâóþ îðáèòó èñêóññòâåííîãî
ñïóòíèêà Ëóíû âûñîòîé 100 êì ñ íàêëîíåíèåì 90°
ïðè äëèòåëüíîñòè ïåðåëåòà 4 ñóòîê.



162 Âåñòíèê Ìîñêîâñêîãî àâèàöèîííîãî èíñòèòóòà. Ò.26. ¹2

Äèíàìèêà, áàëëèñòèêà, óïðàâëåíèå äâèæåíèåì ëåòàòåëüíûõ àïïàðàòîâ Dynamics, ballistics, movement control of flying vehicles

Ðàññìàòðèâàåòñÿ äèàïàçîí äàò ñòàðòà ñ 1 ïî 30
àïðåëÿ 2020 ã. Íà ðèñ. 2 ïðèâåäåíû çàâèñèìîñòè
âåëè÷èí ïåðâîãî (ââåðõó ñëåâà), âòîðîãî (ââåðõó
ñïðàâà), ñóììàðíîãî (âíèçó ñëåâà) èìïóëüñîâ ñêî-

ðîñòè è äîëãîòû âîñõîäÿùåãî óçëà êîíå÷íîé îêî-
ëîëóííîé îðáèòû â LME2000 îò äàòû ñòàðòà.

Èç ïðèâåäåííûõ ãðàôèêîâ âèäíî, ÷òî ìèíè-
ìóì ñóììàðíîãî èìïóëüñà ñêîðîñòè (3968,3 ì/ñ)
äîñòèãàåòñÿ ïðè ñòàðòå 28 àïðåëÿ 2020 ã. Ïðè âîç-
ìîæíîñòè âûáîðà äàòû ñòàðòà â òå÷åíèå ìåñÿöà
ìîæåò áûòü äîñòèãíóòà îêîëîëóííàÿ îðáèòà ñ
ëþáîé äîëãîòîé âîñõîäÿùåãî óçëà, îäíàêî ïðè
ýòîì òðåáóåòñÿ ñóììàðíûé èìïóëüñ ñêîðîñòè äî
4008,8 ì/ñ. Äèàïàçîí èçìåíåíèÿ ïåðâîãî èìïóëü-
ñà ñêîðîñòè â çàâèñèìîñòè îò äàòû ñòàðòà ñîñòàâëÿåò
3129,3…3144,8 ì/ñ, à âòîðîãî – 834,2…864,7 ì/ñ.

Íà ðèñ. 3 äëÿ äàòû ñòàðòà 28 àïðåëÿ 2020 ã.
ïðåäñòàâëåíû çàâèñèìîñòè âåëè÷èí ïåðâîãî (ââåð-

Ðèñ. 2. Çàâèñèìîñòè âåëè÷èí ïåðâîãî (ââåðõó ñëåâà), âòîðîãî (ââåðõó ñïðàâà), ñóììàðíîãî (âíèçó ñëåâà) èìïóëü-
ñîâ ñêîðîñòè è äîëãîòû âîñõîäÿùåãî óçëà êîíå÷íîé îêîëîëóííîé îðáèòû â LME2000 îò äàòû ñòàðòà

õó ñëåâà), âòîðîãî (ââåðõó ñïðàâà), ñóììàðíîãî
(âíèçó ñëåâà) èìïóëüñîâ ñêîðîñòè è äîëãîòû âîñ-
õîäÿùåãî óçëà êîíå÷íîé îêîëîëóííîé îðáèòû â
LME2000 îò äëèòåëüíîñòè ïåðåëåòà.

Âûâîäû

Ðàçðàáîòàí ÷èñëåííûé ìåòîä ðàñ÷åòà äâóõèì-
ïóëüñíûõ òðàåêòîðèé ïåðåëåòà ìåæäó êðóãîâûìè
îðáèòàìè Çåìëè è Ëóíû çà ôèêñèðîâàííîå âðåìÿ
ñ ó÷åòîì îñíîâíûõ âîçìóùàþùèõ óñêîðåíèé.
Ìåòîä ñîñòîèò èç ïðîöåäóðû ðàñ÷åòà íà÷àëüíîãî
ïðèáëèæåíèÿ ñ èñïîëüçîâàíèåì ìåòîäà òî÷å÷íûõ
ñôåð äåéñòâèÿ è ïðîöåäóðû ðåøåíèÿ êðàåâîé çà-
äà÷è äëÿ âû÷èñëåíèÿ âîçìóùåííîé òðàåêòîðèè
ïåðåëåòà, èñïîëüçóþùåé ìåòîä ïðîäîëæåíèÿ ïî
ïàðàìåòðó äëÿ ðåäóêöèè êðàåâîé çàäà÷è ê çàäà÷å
Êîøè.

Ïðåèìóùåñòâîì ðàçðàáîòàííîãî ìåòîäà ÿâëÿ-
þòñÿ àâòîìàòèçàöèÿ ïðîöåäóðû âûáîðà íà÷àëüíî-
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ãî ïðèáëèæåíèÿ äëÿ ðåøåíèÿ êðàåâîé çàäà÷è è
âû÷èñëèòåëüíàÿ óñòîé÷èâîñòü ïðîöåññà ðåøåíèÿ
ñàìîé êðàåâîé çàäà÷è. Ìåòîä ïîêàçàë ñâîþ ýô-
ôåêòèâíîñòü è âû÷èñëèòåëüíóþ óñòîé÷èâîñòü ïðè
ðàñ÷åòå ñåðèè òðàåêòîðèé ïåðåëåòà íà ïîëÿðíóþ
êðóãîâóþ îðáèòó èñêóññòâåííîãî ñïóòíèêà Ëóíû
äëÿ ðàçëè÷íûõ äàò ñòàðòà è äëèòåëüíîñòåé ïåðå-
ëåòà. Ðàçðàáîòàííûé ìåòîä ìîæåò èñïîëüçîâàòü-
ñÿ ïðè ïðîåêòíî-áàëëèñòè÷åñêîì àíàëèçå è äëÿ
îïåðàòèâíîãî ïëàíèðîâàíèÿ ïåðñïåêòèâíûõ ëóí-
íûõ ìèññèé.

Ðàáîòà âûïîëíåíà çà ñ÷åò ñðåäñòâ
ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà

(ñîãëàøåíèå ¹ 16-19-10429).
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Abstract

The problem of computing a two-impulse flight
between circular near-Earth and near-lunar orbits with
specified altitudes and inclinations over a specified
time is considered. A mathematical model of motion,
accounting for the Earth, Moon and Sun attractive
forces as point masses and the  second zonal harmonic

COMPUTING THE PERTURBED IMPULSE TRAJECTORY OF TRANSFERRING
BETWEEN THE NEAR-EARTH AND NEAR-LUNAR ORBITS

BY THE CONTINUATION METHOD
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MAI, 4, Volokolamskoe shosse, Moscow, 125993, Russia
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of the Earth gravity potential at all spacecraft
movement sections is used. The first velocity impulse
is formed at the initial near-Earth orbit, and puts the
spacecraft on the lunar flight trajectory. At the Moon
passage instant at the minimum distance the second
impulse is formed putting the spacecraft on the near-
lunar orbit.
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A numerical method for calculating two-impulse
transfer between the circular orbits of the Earth and
the Moon for a fixed time with account for the main
perturbing accelerations has been developed. The
method consists of the procedure for calculating the
guess values, using the method of point-like spheres
of impact, and the procedure for solving the boundary
value problem for calculating the perturbed flight
trajectory using the continuation method for reducing
the boundary value problem to the Cauchy problem.

The advantage of the developed method is the
procedure  automation for selecting the initial guess
values for solving the boundary value problem, and the
computational stability of the solving process of the
boundary value problem itself. The method revealed
its efficiency and computational stability when
calculating a series of transfers to a polar circular low
lunar orbit of an artificial lunar satellite for various
start dates and flight durations. The developed method
may be applied for the design-ballistic analysis and
operational planning of prospective lunar missions.

The article presents the numerical examples of
trajectories computing for the flights between the low
near-Earth and near-lunar orbits. Computing of the
series of such trajectories allowed calculate the optimal
start date and optimal flight duration, as well as
dependencies of the required velocity impulses and
longitude of the ascending node of the near-lunar orbit
on start date and flight duration.

Keywords: translunar trajectory, two-impulse
trajectory, near-lunar orbit, continuation method,
lunar mission analysis and design.
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