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Ðàññìàòðèâàþòñÿ çàäà÷è âîññòàíîâëåíèÿ õàðàêòåðèñòèê óïðóãîñòè êîíñòðóêöèè è âíåøíåé íàãðóçêè ïî îò-
êëèêó — ðåçóëüòàòàì èçìåðåíèÿ äåôîðìàöèé èëè ïåðåìåùåíèé â ïðîöåññå ýêñïåðèìåíòà. Èñõîäíûå äàííûå òà-
êèõ çàäà÷ – ñëó÷àéíûå âåëè÷èíû. Íà áàçå èñïîëüçîâàíèÿ âåðîÿòíîñòíûõ ìîäåëåé â ëèíåéíîé è íåëèíåéíîé ïî-
ñòàíîâêå ðàññìîòðåíû òåîðåòè÷åñêèå îñíîâû ôóíêöèîíàëüíûõ ïðåîáðàçîâàíèé ñëó÷àéíûõ ÿâëåíèé â äåòåðìè-
íèðîâàííûõ è ñòîõàñòè÷åñêèõ ñèñòåìàõ. Ïðèâåäåíû ïðèìåðû ïîëó÷åíèÿ ðåøåíèé ñ èñïîëüçîâàíèåì àíàëèòè÷åñêèõ
âûðàæåíèé, âûòåêàþùèõ èç èçâåñòíûõ ìàòåìàòè÷åñêèõ ìîäåëåé, ïîëó÷åííûõ ðàíåå â äåòåðìèíèñòè÷åñêîé ïî-
ñòàíîâêå, à òàêæå ïðèìåðû íåëèíåéíûõ çàäà÷, äëÿ ðåøåíèÿ êîòîðûõ èñïîëüçóþòñÿ ñìåøàííûå âåðîÿòíîñòíûå
ìîäåëè.

Êëþ÷åâûå ñëîâà: ñëó÷àéíûå âåëè÷èíû, ñìåøèâàíèå ñëó÷àéíûõ ÿâëåíèé, æåñòêîñòíûå ñâîéñòâà.

Ââåäåíèå

Ðàñ÷åòíî-ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ
ïðî÷íîñòè êîíñòðóêöèé ëåòàòåëüíûõ àïïàðàòîâ
(ËÀ) ÷àñòî ñâÿçàíû ñ íåîáõîäèìîñòüþ ðåøåíèÿ
îáðàòíûõ çàäà÷, êîãäà õàðàêòåðèñòèêè óïðóãîñòè
ËÀ è èõ àãðåãàòîâ îïðåäåëÿþòñÿ ïî çàäàííîìó êîì-
ïëåêñó èçìåðåíèé. Îäíàêî â îïóáëèêîâàííûõ ðà-
áîòàõ [1—5] è ìíîãèõ äðóãèõ ðàññìîòðåíû ìåòîäû
ïîëó÷åíèÿ óñòîé÷èâûõ àëãîðèòìîâ ðåøåíèÿ îáðàò-
íûõ çàäà÷ ïðî÷íîñòè â ÷èñòî äåòåðìèíèñòè÷åñêîé

ïîñòàíîâêå. Ýòî îòíîñèòñÿ è ê ðàáîòàì, âûïîëíåí-
íûì íà áàçå ïðîâåäåííûõ ýêñïåðèìåíòîâ [6—8].

Íà ñàìîì äåëå íà ýêñïåðèìåíò îêàçûâàåò âëè-
ÿíèå îãðîìíîå ÷èñëî ñëó÷àéíûõ ôàêòîðîâ, ÷òî
ïðèâîäèò ê ðàçáðîñó â ðåãèñòðèðóåìûõ ïàðàìåòðàõ,
òî åñòü ïðèðîäà ýêñïåðèìåíòàëüíûõ äàííûõ ñòî-
õàñòè÷åñêàÿ. Íåîáõîäèìî îòìåòèòü, ÷òî òåîðåòè-
÷åñêîé áàçîé äëÿ ðåøåíèÿ îáðàòíûõ çàäà÷ â âåðî-
ÿòíîñòíîé ïîñòàíîâêå ÿâëÿþòñÿ êëàññè÷åñêèå ðà-
áîòû, ñâÿçàííûå ñ ðåøåíèåì ïðÿìîé çàäà÷è. Ýòî
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ðàáîòû À.Ô. Ñåëèõîâà, Â.Ì. ×èæîâà [9], Â.Â. Áîëî-
òèíà [10,11], Â.À. Ñâåòëèöêîãî [12,13], Å.Ñ. Âåíò-
öåëü, Ë.À. Îâ÷àðîâà [14] è äð. Èç ñîâðåìåííûõ àâ-
òîðîâ ñëåäóåò âûäåëèòü ðàáîòó À.À. Êðûëîâà,
Â.À. Ìîñêàåâà [15].

Â íàñòîÿùåé ñòàòüå ðàññìàòðèâàþòñÿ òîëüêî
êâàçèñòàòè÷åñêèå íàãðóçêè, êîòîðûå îïðåäåëÿþò
ñòàòè÷åñêóþ ïðî÷íîñòü îñíîâíîé ÷àñòè êîíñòðóê-
öèè.

Ïðè îïðåäåëåíèè âíåøíèõ íàãðóçîê, äåéñòâó-
þùèõ íà ËÀ èëè åãî àãðåãàòû, îáðàòíàÿ çàäà÷à ñòà-
âèòñÿ òàê: çíàÿ ïàðàìåòðû ñòàòè÷åñêîãî ðàñïðåäå-
ëåíèÿ äåôîðìàöèé èëè ïåðåìåùåíèé, íàéòè ñîîò-
âåòñòâóþùèå ïàðàìåòðû ðàñïðåäåëåíèÿ íàãðóçîê
êàê ñëó÷àéíûõ âåëè÷èí. Èìåííî ýòè çíà÷åíèÿ è
âõîäÿò îáû÷íî â ïðàâûå (íàãðóçî÷íûå) ÷àñòè óðàâ-
íåíèé ðàâíîâåñèÿ, íàïðèìåð â [16].

Ðåøåíèå îáðàòíûõ çàäà÷ â âåðîÿòíîñòíîé ïî-
ñòàíîâêå î÷åâèäíî àêòóàëüíî è â îáëàñòè ïðî÷íî-
ñòè êîíñòðóêöèîííûõ ìàòåðèàëîâ. Â íàñòîÿùåå
âðåìÿ â àâèàöèîííûõ êîíñòðóêöèÿõ èñïîëüçóþò-
ñÿ ðàçëè÷íûå êîìïîçèöèîííûå ìàòåðèàëû (ÊÌ),
êîòîðûå èìåþò âûñîêóþ óäåëüíóþ ïðî÷íîñòü è
âûñîêèå ìîäóëè óïðóãîñòè. Õàðàêòåðèñòèêè òàêèõ
ìàòåðèàëîâ ñóùåñòâåííî îòëè÷àþòñÿ äðóã îò äðó-
ãà è îò ñâîéñòâ òðàäèöèîííûõ àëþìèíèåâûõ ñïëà-
âîâ. Ïðîâåäåííûé â [9] àíàëèç ïðî÷íîñòè ýëåìåí-
òîâ êîíñòðóêöèè èç ÊÌ ïîçâîëÿåò ñäåëàòü âàæíîå
çàêëþ÷åíèå î òîì, ÷òî îòíîñèòåëüíûå ðàçáðîñû
ïðî÷íîñòè (êîýôôèöèåíòû âàðèàöèè) êîíñòðóê-
öèé çàìåòíî áîëüøå ðàçáðîñîâ ïðî÷íîñòè îáðàç-
öîâ èç ÊÌ. Ýòî ìîæåò áûòü îáúÿñíåíî âëèÿíèåì
äîïóñêàåìûõ îòêëîíåíèé òåõíîëîãèè èçãîòîâëåíèÿ
ðàçëè÷íûõ ýêçåìïëÿðîâ êîíñòðóêöèè, â ðåçóëüòà-
òå ÷åãî âîçíèêàþò íåêîíòðîëèðóåìûå ìèêðîäåôåê-
òû, à òàêæå ýòî ñâÿçàíî ñ âîçìîæíûìè ðàçáðîñà-
ìè ðàçìåðîâ ýëåìåíòîâ êîíñòðóêöèè â ïðåäåëàõ
ñóùåñòâóþùèõ äîïóñêîâ.

Äëÿ óòî÷íåíèÿ ìåõàíè÷åñêèõ õàðàêòåðèñòèê
ÊÌ è, âîîáùå, èäåíòèôèêàöèè ïàðàìåòðîâ óïðó-
ãîñòè êîíñòðóêöèé îáðàòíàÿ çàäà÷à ñòàâèòñÿ ñëå-
äóþùèì îáðàçîì: çíàÿ õàðàêòåðèñòèêè âõîäíîãî
âîçäåéñòâèÿ è õàðàêòåðèñòèêè ðåàêöèè ñèñòåìû
(âûõîä), îïðåäåëèòü îïåðàòîð ñèñòåìû, ò.å. íàéòè
ðàçëè÷íûå åå ïàðàìåòðû êàê ñëó÷àéíûå âåëè÷èíû.

Ñëó÷àéíîñòü ïàðàìåòðîâ ñèñòåìû ìîæåò áûòü
îáóñëîâëåíà, íàïðèìåð, òåõíîëîãè÷åñêèìè äîïóñ-
êàìè ïðîèçâîäñòâà, íåãîäíîñòüþ ìàòåðèàëîâ äåòà-
ëåé, à òàêæå èõ ñòàðåíèåì è èçíîñîì. Ïðèáëèæåí-
íûå ìåòîäû îïðåäåëåíèÿ ïëîòíîñòè âåðîÿòíîñòè
âûõîäíîãî ïðîöåññà (äåôîðìàöèé) íåëèíåéíîé
ñèñòåìû (íàïðèìåð, ñ òðåùèíàìè èëè ðàññëîåíè-
ÿìè) áàçèðóþòñÿ, êàê ïðàâèëî, íà íîðìàëèçàöèè

íåãàóññîâñêèõ ñëó÷àéíûõ ïðîöåññîâ. Îäíàêî, êàê
ïîêàçàíî â ðàáîòàõ Ì. Áàññåðâèëÿ, Ô.Ì. Ãîëüöìà-
íà, Â. Ôåëëåðà, Í.Ç. Ñàôèóëëèíà ïî ðàäèîôèçè-
êå è òåîðèè âåðîÿòíîñòåé [17—20], äàæå â ëèíåé-
íîé ñèñòåìå ìîæåò ïðîèñõîäèòü äåíîðìàëèçàöèÿ
âûõîäíîãî ñèãíàëà. Äëÿ ñèñòåì ñ íåëèíåéíûì
ïîâåäåíèåì äåíîðìàëèçàöèÿ äîëæíà ó÷èòûâàòüñÿ.
Â ïðîòèâíîì ñëó÷àå óïðîùåííûå ìåòîäû àíàëèçà,
îñíîâàííûå íà ïîäãîíå ê õîðîøî èññëåäîâàííîìó
íîðìàëüíîìó ðàñïðåäåëåíèþ, ìîãóò ïðèâåñòè ê
ãðóáûì èëè îøèáî÷íûì ðåçóëüòàòàì. Îá ýòîì æå
ãîâîðèòñÿ è â ìîíîãðàôèè [21], ïîñâÿùåííîé âå-
ðîÿòíîñòíûì ìîäåëÿì íàêîïëåíèÿ ïîâðåæäåíèé:
«Ïîñëå òîãî êàê ìîäåëü âûáðàíà, åå ïàðàìåòðû
íàäî îöåíèâàòü òîëüêî ïðèãîäíûìè äëÿ ýòîãî ñëó-
÷àÿ ñòàòèñòè÷åñêèìè ñïîñîáàìè, à íå ðåøàòü çà-
äà÷ó «â ëîá», èáî ýìïèðè÷åñêàÿ ôóíêöèÿ ðàñïðå-
äåëåíèÿ â ñëó÷àå íàêîïëåíèÿ ïîâðåæäåíèé ìîæåò
ñóùåñòâåííî îòëè÷àòüñÿ îò èçâåñòíîé èíòåãðàëü-
íîé ôóíêöèè ðàñïðåäåëåíèÿ».

Âñå èçëîæåííîå ïîäòâåðæäàåò àêòóàëüíîñòü
òåìû, ñâÿçàííîé ñ ïðåîáðàçîâàíèåì ñëó÷àéíûõ
ôóíêöèé, õàðàêòåðèçóþùèõ ðàáîòó êîíñòðóêöèè è
åå íàãðóæåíèå. Èç ñîâðåìåííûõ ðàáîò, ó÷èòûâàþ-
ùèõ ñòîõàñòè÷åñêèé õàðàêòåð ñèñòåì, ñëåäóåò îò-
ìåòèòü ðàáîòó [22], ïîñâÿùåííóþ ïðîáëåìå óïðàâ-
ëåíèÿ ãàçîòóðáèííûìè äâèãàòåëÿìè.

Èìåííî ïîýòîìó â ñòàòüå àíàëèçèðóþòñÿ îáùèå
ìåòîäû àíàëèçà ñòîõàñòè÷åñêèõ ñèñòåì, íà÷èíàÿ ñ
ëèíåéíûõ ïðåîáðàçîâàíèé ñëó÷àéíûõ âåëè÷èí è
çàêàí÷èâàÿ ñìåñÿìè âåðîÿòíîñòíûõ ðàñïðåäåëåíèé
(íåëèíåéíûå ñëó÷àè). Ýòîò ïîäõîä ïðèìåíèòåëü-
íî ê ïðî÷íîñòíîìó àíàëèçó êîíñòðóêöèé ÿâëÿåò-
ñÿ íîâûì è ðàñêðûâàåòñÿ íèæå íà êîíêðåòíûõ
ïðèìåðàõ.

Ðåøåíèå çàäà÷ ïðî÷íîñòè â âåðîÿòíîñòíîé
ïîñòàíîâêå â îáùåì âèäå. Îïðåäåëåíèå çàêîíà
ðàñïðåäåëåíèÿ ëèíåéíîé ôóíêöèè
ñëó÷àéíîãî àðãóìåíòà

Ïðåäñòàâèì èññëåäóåìóþ êîíñòðóêöèþ êàê
íåêîòîðóþ ñèñòåìó, íàõîäÿùóþñÿ âî âçàèìîäåé-
ñòâèè ñ âíåøíåé ñðåäîé. Áóäåì õàðàêòåðèçîâàòü
âíåøíåå âîçäåéñòâèå (íàãðóçêè) ýëåìåíòàìè q èç
ïðîñòðàíñòâà Q è íàçîâåì èõ «âõîäîì», à ïîâåäå-
íèå ñèñòåìû (ïåðåìåùåíèÿ, äåôîðìàöèè) – ýëå-
ìåíòàìè v èç ïðîñòðàíñòâà V  è íàçîâåì èõ «âû-
õîäîì» ñèñòåìû. Ïî ìàòåìàòè÷åñêîé ïðèðîäå ýëå-
ìåíòû îáîèõ ýòèõ ïðîñòðàíñòâ ìîãóò áûòü ÷èñëà-
ìè, âåêòîðàìè, òåíçîðàìè, ôóíêöèÿìè îäíîé èëè
íåñêîëüêèõ ïåðåìåííûõ.

Îñîáåííîñòè êîíñòðóêöèè õàðàêòåðèçóþòñÿ
îïåðàòîðîì L, ñ ïîìîùüþ êîòîðîãî êàæäîé ðåàëè-
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çàöèè âíåøíåãî âîçäåéñòâèÿ q QŒ  ïðèâîäèòñÿ â

ñîîòâåòñòâèå ðåàëèçàöèÿ ïàðàìåòðà ïîâåäåíèÿ

.v VŒ  Òàêèì îáðàçîì, çàïèøåì:

,Lv q=                              (1)

ò.å. îïåðàòîðíîå ñîîòíîøåíèå (1) óñòàíàâëèâàåò
ñâÿçü ìåæäó ýëåìåíòàìè q ïðîñòðàíñòâà âõîäíûõ
ïàðàìåòðîâ Q è ýëåìåíòàìè v ïðîñòðàíñòâà âûõîä-
íûõ ïàðàìåòðîâ V.

Ïóñòü âõîäíîé ïàðàìåòð q ÿâëÿåòñÿ ñòîõàñòè-

÷åñêèì è êàæäîìó ýëåìåíòó q QŒ  ïðèâîäèòñÿ â ñî-

îòâåòñòâèå íåêîòîðàÿ èçâåñòíàÿ âåðîÿòíîñòíàÿ
ìåðà.

Ñàìà êîíñòðóêöèÿ òàêæå ìîæåò áûòü â îáùåì
ñëó÷àå ñòîõàñòè÷åñêîé ñèñòåìîé, ò.å. åå ïàðàìåò-

ðû ( )1 2, ,..., ,nr r r  îïðåäåëÿþùèå îïåðàòîð L ñèñòå-

ìû, ìîãóò áûòü ñòîõàñòè÷åñêèìè ñ èçâåñòíîé âå-
ðîÿòíîñòíîé ìåðîé.

Ïðè ñòîõàñòè÷íîñòè âíåøíåãî âîçäåéñòâèÿ q è
(èëè) îïåðàòîðà L ñèñòåìû ýëåìåíòû, õàðàêòåðè-

çóþùèå ïîâåäåíèå ñèñòåìû ,v VŒ  òàêæå áóäóò ñëó-

÷àéíûìè. Âåðîÿòíîñòíàÿ ìåðà èõ áóäåò çàâèñåòü îò
âåëè÷èíû è âåðîÿòíîñòíîé ìåðû âíåøíåãî âîçäåé-
ñòâèÿ q, à òàêæå îò ïàðàìåòðîâ, õàðàêòåðèçóþùèõ
îïåðàòîð ñèñòåìû L, è âèäà îïåðàòîðà.

Ðàññìîòðèì çàäà÷è, â êîòîðûõ ñëó÷àéíûå ôàê-
òîðû îïèñûâàþòñÿ ïðè ïîìîùè êîíå÷íîãî ÷èñëà
ñëó÷àéíûõ âåëè÷èí. Ïðè ýòîì ìåæäó «âõîäîì» è
«âûõîäîì» ñèñòåìû (èç ðåøåíèÿ (1)) èçâåñòíà îä-
íîçíà÷íàÿ äåòåðìèíèñòè÷åñêàÿ çàâèñèìîñòü â îá-
ùåì ñëó÷àå:

( , ).i iv q rϕ=                         (2)

Ïîëàãàÿ, ÷òî âåêòîð ñëó÷àéíûõ ïàðàìåòðîâ r = 0,
ò.å. ðàññìàòðèâàåìàÿ ñèñòåìà äåòåðìèíèðîâàíà,
çàâèñèìîñòü âûõîä-âõîä ïîëó÷àåì â âèäå ôîðìóë:

,v Kq=                             (3)

ãäå K – íåêîòîðûé èçâåñòíûé êîýôôèöèåíò, îï-
ðåäåëÿåìûé ðåøåíèåì äåòåðìèíèñòè÷åñêîé çàäà-
÷è.

Åñëè çàêîí ðàñïðåäåëåíèÿ âõîäíûõ ïàðàìåòðîâ
f (q) èçâåñòåí, òî, ïîëüçóÿñü ïðàâèëàìè íàõîæäå-
íèÿ çàêîíà ðàñïðåäåëåíèÿ ôóíêöèé ñëó÷àéíîãî
àðãóìåíòà [13], ìîæíî íàéòè çàêîí ðàñïðåäåëåíèÿ
ïàðàìåòðîâ âûõîäà êîíñòðóêöèè:

( ) 1 1
.f v f

K K
Ê ˆ= Á ˜Ë ¯                     (4)

Íàïðèìåð, åñëè çàêîí ðàñïðåäåëåíèÿ ïàðàìåò-
ðîâ âõîäíûõ âîçäåéñòâèé ÿâëÿåòñÿ íîðìàëüíûì
çàêîíîì ðàñïðåäåëåíèÿ ñ èçâåñòíûìè ïàðàìåòðà-
ìè ìàòåìàòè÷åñêîãî îæèäàíèÿ è ñðåäíåêâàäðàòè÷-

íîãî îòêëîíåíèÿ mq è qσ , ò.å.:

( ) ( )2
2

1
exp ,

22

q

qq

q m
f q

σπσ

È ˘-Í ˙= -Í ˙
Í ˙Î ˚

òî ñîãëàñíî (4) ïîëó÷èì

( )

( )
( )

2

2

2

2

1 1
exp

22

1
exp .

2 2

q

qq

q

q q

v
m

K
f v

K

v Km

K

σπσ

πσ σ

È ˘Ê ˆ-Í ˙Á ˜Ë ¯Í ˙= - =Í ˙
Í ˙
Í ˙Î ˚

È ˘-Í ˙= -Í ˙
Í ˙Î ˚

Òî åñòü îïÿòü ïîëó÷èëè íîðìàëüíûé çàêîí
ðàñïðåäåëåíèÿ ñ íîâûìè ïàðàìåòðàìè

, .v q v qm Km Kσ σ= =

Ñëåäîâàòåëüíî, ëèíåéíûå ïðåîáðàçîâàíèÿ ñëó-
÷àéíûõ âåëè÷èí âèäà (3) íå ìåíÿþò çàêîíà ðàñïðå-
äåëåíèÿ, èçìåíÿþòñÿ ëèøü åãî ïàðàìåòðû.

Ïðèìåðû ëèíåéíûõ ïðåîáðàçîâàíèé
ñëó÷àéíûõ âåëè÷èí

Ðàññìîòðèì íåñêîëüêî ïðèìåðîâ îïðåäåëåíèÿ
âåðîÿòíîñòíûõ õàðàêòåðèñòèê âîññòàíîâëåíèÿ íà-
ãðóçêè è èäåíòèôèêàöèè êîíñòðóêöèé äëÿ äâóõ
ìîäåëåé — îáû÷íîé áàëêè è òîíêîñòåííîé êîíñò-
ðóêöèè Þ.Ã. Îäèíîêîâà.

Ïðèìåð 1. Êðûëî ñàìîëåòà. Ìåõàíè÷åñêàÿ ñè-
ñòåìà òèïà êðûëà ñðåäíåãî èëè áîëüøîãî óäëèíå-
íèÿ ìîæåò áûòü ïðåäñòàâëåíà ìîäåëüþ îáû÷íîé
áàëêè, ïàðàìåòðû (æåñòêîñòè) êîíñòðóêöèè äåòåð-
ìèíèðîâàíû. Íà îñíîâàíèè ôîðìóë, ñâÿçûâàþùèõ
íåèçâåñòíóþ ðàñïðåäåëåííóþ íàãðóçêó q(x) è èç-
âåñòíûå èç ýêñïåðèìåíòà èçãèáàþùèå ìîìåíòû
M(x), à òàêæå ñâîéñòâ ëèíåéíîãî ïðåîáðàçîâàíèÿ
ñëó÷àéíûõ âåëè÷èí [13], ìîæåì çàïèñàòü:

2 4

2 4

( ) ( )
( ) , ( ) ,M M

q q

d m x d D x
m x D x

dx dx
= =        (5)
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ãäå  mq(x) – ìàòåìàòè÷åñêîå îæèäàíèå ðàñïðåäå-
ëåííîé íàãðóçêè q(x); mM(x) – ìàòåìàòè÷åñêîå
îæèäàíèå èçãèáàþùåãî ìîìåíòà M(x); Dq(x) –
äèñïåðñèÿ ðàñïðåäåëåííîé íàãðóçêè q(x); DM(x) –
äèñïåðñèÿ èçãèáàþùåãî ìîìåíòà M(x).

Òî åñòü, åñëè èçâåñòíûå èç ýêñïåðèìåíòà çíà-
÷åíèÿ èçãèáàþùèõ ìîìåíòîâ õîðîøî ñîãëàñóþòñÿ
ñ íîðìàëüíûì çàêîíîì ðàñïðåäåëåíèÿ ñ èçâåñòíû-
ìè ïàðàìåòðàìè mM(x) è DM(x), òî ïîëó÷åííûå
çíà÷åíèÿ mq(x) è Dq(x) ðàñïðåäåëåííîé íàãðóçêè
òàêæå áóäóò ÿâëÿòüñÿ ïàðàìåòðàìè íîðìàëüíîãî
ðàñïðåäåëåíèÿ.

Ïðèìåð 2. Áàëî÷íàÿ ìîäåëü. Â ñëó÷àå èäåíòè-
ôèêàöèè æåñòêîñòíûõ õàðàêòåðèñòèê ñèñòåì, ìî-
äåëèðóåìûõ áàëêîé, íà îñíîâàíèè ôîðìóë, èçâå-
ñòíûõ èç ñîïðîòèâëåíèÿ ìàòåðèàëîâ è [13], ìîæ-
íî çàïèñàòü:

"

( )
( ) ;

( )EJ
y

M x
m x

m x
=                    (6)

2

"

( )
( ) ,

( )EJ
y

M x
D x

D x
=                    (7)

ãäå mEJ(x) – ìàòåìàòè÷åñêîå îæèäàíèå çíà÷åíèé
æåñòêîñòè áàëêè EJ(õ); my'' (x) – ìàòåìàòè÷åñêîå
îæèäàíèå çíà÷åíèé èçâåñòíûõ èç ýêñïåðèìåíòà
ôóíêöèé âòîðîé ïðîèçâîäíîé îò ïðîãèáîâ áàëêè
y'' (õ), ò.å. åå êðèâèçíà; DEJ(x) – äèñïåðñèÿ æåñò-
êîñòåé áàëêè; Dy'' (x) – äèñïåðñèÿ åå êðèâèçíû.

Â äàííîì ñëó÷àå èçãèáàþùèé ìîìåíò M(x) ñ÷è-
òàåì äåòåðìèíèðîâàííîé âåëè÷èíîé.

Ïðèìåð 3. Òîíêîñòåííàÿ áàëêà ìîäåëè Þ.Ã.
Îäèíîêîâà [16] ïîñòîÿííîãî ïîïåðå÷íîãî ñå÷åíèÿ
òèïà êåññîíà, çàãðóæåííàÿ ñêðó÷èâàþùèì ìîìåí-
òîì Mz (ðèñ. 1):

1 3 2 4, ,δ δ δ δ= =

1 3 2 4, , const, const, const,i i iS S S S F E G= = = = =

0, const.x y zQ Q M= = =

Ñ÷èòàåì, ÷òî íàì èçâåñòåí çàêîí ðàñïðåäåëå-
íèÿ äåôîðìàöèé ðåáåð êîíñòðóêöèè çà ñ÷åò äå-
ïëàíàöèè â âèäå ïëîòíîñòè âåðîÿòíîñòè, à ñëåäî-
âàòåëüíî, èçâåñòåí çàêîí ðàñïðåäåëåíèÿ óñèëèé â
ðåáðàõ. Ïóñòü óñèëèÿ â ðåáðå 1 èìåþò íîðìàëüíûé
çàêîí ðàñïðåäåëåíèÿ ñ èçâåñòíûìè ïàðàìåòðàìè,
à õàðàêòåðèñòèêè êîíñòðóêöèè (æåñòêîñòè ðåáåð,
ìîäóëè óïðóãîñòè, ñäâèãà, òîëùèíû îáøèâêè)
ÿâëÿþòñÿ äåòåðìèíèðîâàííûìè âåëè÷èíàìè. Òîãäà
ïîëó÷èì õàðàêòåðèñòèêà ìîìåíòà:

1( ) ;
( )z

P

M

m
m z

K z
=                        (8)

1
2

( )
( ) ,

( )z

P

M

D z
D z

K z
=                      (9)

ãäå 1 1, , ,P P Mz Mzm D m D  – ìàòåìàòè÷åñêîå îæèäàíèå
è äèñïåðñèÿ óñèëèÿ â ïåðâîì ðåáðå êîíñòðóêöèè,
ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåðñèÿ ñêðó÷èâà-
þùåãî ìîìåíòà;

Êîýôôèöèåíò K(z) äàåò ðåøåíèå óðàâíåíèÿ
Þ.Ã. Îäèíîêîâà [3] äëÿ êåññîíà:

( )
( )

( )1 2 2 1

1 2 1 2 2 1

( ) ,
2 2

S S shk l zEF
K z

S S chklG S

δ δ

δ δ δ

- -
=  (10)

ãäå k – áåçðàçìåðíàÿ æåñòêîñòü ïàíåëè.

Ïðåîáðàçîâàíèå ñìåøàííûõ ñëó÷àéíûõ ïðîöåññîâ
â ñòîõàñòè÷åñêèõ ñèñòåìàõ
ñ êâàçèäåòåðìèíèðîâàííûìè îïåðàòîðàìè
(íåëèíåéíûå çàäà÷è)

Ðàíåå, ðàññìàòðèâàÿ ëèíåéíûå ôóíêöèè ñëó-
÷àéíîãî àðãóìåíòà, ìû èçó÷àëè ïðåîáðàçîâàíèå
÷èñëîâûõ õàðàêòåðèñòèê – ìàòåìàòè÷åñêîãî îæè-
äàíèÿ è äèñïåðñèè.

Ïðåîáðàçîâàíèå çàêîíîâ ðàñïðåäåëåíèÿ ãàóñ-
ñîâñêèõ ñëó÷àéíûõ ïðîöåññîâ ïðè èõ ïðîõîæäåíèè
÷åðåç ëèíåéíûå ñèñòåìû ñâåëîñü ê îïðåäåëåíèþ
ïåðâûõ äâóõ ìîìåíòíûõ ôóíêöèé. Äëÿ ñèñòåì ñ
íåëèíåéíûì ïîâåäåíèåì, à ýòî, íàïðèìåð, ýëåìåíò
êîíñòðóêöèè ñ ðàññëîåíèÿìè, äåíîðìàëèçàöèÿ èëè
åå ñòåïåíü äîëæíû ó÷èòûâàòüñÿ. Â ïðîòèâíîì ñëó-
÷àå óïðîùåííûå ìåòîäû àíàëèçà, îñíîâàííûå íà
ïîäãîíêå ê õîðîøî èññëåäîâàííîìó íîðìàëüíîìó
ðàñïðåäåëåíèþ, ìîãóò, êàê óæå âûøå ãîâîðèëîñü,
ïðèâåñòè ê ãðóáûì è ïðèíöèïèàëüíî îøèáî÷íûì
ðåçóëüòàòàì.

Èìåííî ïîýòîìó äàëåå ïðèìåíÿþòñÿ îáîáùåí-
íûå ìåòîäû àíàëèçà ñòîõàñòè÷åñêèõ ñèñòåì íà
îñíîâå èñïîëüçîâàíèÿ ñìåñåé âåðîÿòíîñòíûõ ðàñ-
ïðåäåëåíèé [19, 20, 23, 24].

Ðèñ. 1. ×åòûðåõïîÿñíîé êåññîí, íàãðóæåííûé ñêðó÷è-
âàþùèì ìîìåíòîì Mz
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Ñèñòåìû ñî ñëó÷àéíûìè ïàðàìåòðàìè

Ñèñòåìó ñî ñëó÷àéíûì ïàðàìåòðîì áóäåì õà-
ðàêòåðèçîâàòü êâàçèäåòåðìèíèðîâàííûì îïåðàòî-

ðîì ( ), , H t r α  (ðèñ. 2), ãäå α = f (v) – ôóíêöèÿ

âíåøíåãî è âíóòðåííåãî âîçäåéñòâèÿ ñðåäû; W(x)
è W(v) – ïëîòíîñòè âåðîÿòíîñòè âõîäíîãî ñèãíà-
ëà x(t,r) ðàíäîìèçèðóþùåãî (âîçìóùàþùåãî) âîç-
äåéñòâèÿ v(t,r), ÿâëÿþùèåñÿ â îáùåì ñëó÷àå ïðî-
ñòðàíñòâåííî-âðåìåííûìè ïîëÿìè; W(y) – ïëîò-
íîñòü âåðîÿòíîñòè ðåàêöèè ñèñòåìû y(t,r); t – âðå-
ìÿ; r – âåêòîð ïðîñòðàíñòâåííûõ êîîðäèíàò.

Ñòîõàñòè÷åñêàÿ ñèñòåìà êàæäîé êîíêðåòíîé
ðåàëèçàöèè âõîäíîãî ñèãíàëà ñòàâèò â ñîîòâåòñòâèå
ñâîèì õàðàêòåðèñòèêàì íåêîòîðûé âûõîäíîé ñèã-
íàë, îáóñëîâëåííûé óæå ñàìîé ñèñòåìîé. Ïîýòî-
ìó ïëîòíîñòè âåðîÿòíîñòè âûõîäíûõ ïðîöåññîâ
ÿâëÿþòñÿ óñëîâíûìè. Äëÿ òîãî ÷òîáû ïîëó÷èòü áå-
çóñëîâíûå çàêîíû ðàñïðåäåëåíèÿ âûõîäíûõ ïðî-
öåññîâ ñèñòåì ñî ñëó÷àéíûìè ïàðàìåòðàìè, íåîá-
õîäèìî óñëîâíûå çàêîíû ðàñïðåäåëåíèÿ óñðåäíÿòü
ïî âñåì ðåàëèçàöèÿì ñèñòåìû, ò.å. èíòåãðèðîâàòü
óñëîâíóþ ïëîòíîñòü âåðîÿòíîñòè âûõîäíîãî ïðî-
öåññà, óìíîæàÿ åå íà ïëîòíîñòü ðàñïðåäåëåíèÿ
ñëó÷àéíîãî ïàðàìåòðà [19].

Âî ìíîãèõ ïðàêòè÷åñêè âàæíûõ ñèòóàöèÿõ âíå-
øíèå âîçäåéñòâèÿ (íàãðóçêè â íàøåì ñëó÷àå) è
ïàðàìåòðû ÿâëÿþòñÿ íåãàóññîâñêèìè. Äëÿ ðåøåíèÿ
çàäà÷è àíàëèçà ïðåîáðàçîâàíèÿ çàêîíîâ ðàñïðåäå-
ëåíèÿ âûõîäíûõ ïðîöåññîâ ñèñòåì ñî ñëó÷àéíûìè
ïàðàìåòðàìè èëè ñèñòåì, ðàáîòàþùèõ ïîä âëèÿíè-
åì âíåøíèõ âîçäåéñòâèé, ïëîòíîñòè âåðîÿòíîñòè
ïðåäñòàâëÿåì ñìåñÿìè ñòàíäàðòíûõ ðàñïðåäåëå-
íèé:

( )( )

1 1

( ) , , ; 1,
N N

v v
n n n n

n n

W v q W v m R q
= =

= =Â Â     (11)

ãäå qn — ïàðàìåòð êîìïîíåíòû (âåñà); N — ÷èñëî
ãàóññîâñêèõ êîìïîíåíò; Rn — êîýôôèöèåíò êîð-
ðåëÿöèè; Mn — âåêòîð ìàòåìàòè÷åñêîãî îæèäàíèÿ.

Âõîäíîé ñèãíàë è âíåøíåå âîçäåéñòâèå çàäàþò-
ñÿ ñîâìåñòíîé ïëîòíîñòüþ âåðîÿòíîñòè

( )
( )

( ) ( )

1 1

( , ) ( )

( ) ( ) ( ),
N x N v

n n i i
n n

xW x v W W vv

xq x W q v W vv
= =

= =

= Â Â       (12)

ãäå Wn – óñëîâíàÿ ïëîòíîñòü âåðîÿòíîñòè n-é êîì-
ïîíåíòû ñìåñè ñèãíàëà ïðè ðåàëèçàöèè i-é êîìïî-
íåíòû ïëîòíîñòè âåðîÿòíîñòè Wi(v) ðàíäîìèçèðó-
þùåãî âîçäåéñòâèÿ ñðåäû.

Åñëè âõîäíîé ñèãíàë è âîçäåéñòâèå ñðåäû âçà-
èìíî íåçàâèñèìû, òî ñïðàâåäëèâî ñëåäóþùåå ñî-
îòíîøåíèå:

( )
( ) ( )

1 1

( , ) ( ) ( ) ( ) ( ).
N x N v

n i i
n n

xW x v W W v q x q v W vv
= =

= = Â Â (13)

Ñòîõàñòè÷åñêèå ñèñòåìû ìîãóò áûòü êàê ñòàòè-
÷åñêèìè, òàê è äèíàìè÷åñêèìè. Ñòàòè÷åñêàÿ êâà-
çèäåòåðìèíèðîâàííàÿ ñèñòåìà ñî ñòîõàñòè÷åñêèì
ïîâåäåíèåì, íàõîäÿùàÿñÿ ïîä ñòîõàñòè÷åñêèì âîç-
äåéñòâèåì, îïèñûâàåòñÿ ñîîòíîøåíèåì

( )( ) [ ( )].v ty t f x t=                    (14)

Â äàëüíåéøåì äëÿ óïðîùåíèÿ çàïèñè àðãóìåíò t
â ôîðìóëàõ áóäåì îïóñêàòü. Âíóòðåííþþ ñëó÷àé-
íóþ âåëè÷èíó v ìîæíî èíîãäà èíòåðïðåòèðîâàòü
êàê äîïîëíèòåëüíîå ñëó÷àéíîå âîçäåéñòâèå íà âõî-
äå äåòåðìèíèðîâàííîé ñèñòåìû [19]. Òîãäà (14)
ìîæíî ïåðåïèñàòü â âèäå (ðèñ. 3)

( , ).y f x v=                        (15)

Ïðè ýòîì v îêàçûâàåò ðàíäîìèçèðóþùåå âîç-
äåéñòâèå íà ïàðàìåòðû ñòàòè÷åñêîé ñèñòåìû. Ýòî
ïðèâîäèò ê åñòåñòâåííîìó ñìåøåíèþ ñëó÷àéíûõ,
âûõîäíûõ ïðîöåññîâ ïðè èõ ïðåîáðàçîâàíèè â
ñèñòåìå, ò.å. ê ýôôåêòó åñòåñòâåííîãî îáðàçîâàíèÿ
ñìåñåé ðàñïðåäåëåíèé.

Ðàññìîòðèì ïðèìåðû.
Ïðèìåð 1. Ïðåäïîëîæèì, ÷òî ðàñïðåäåëåíèå

âíåøíèõ âîçäåéñòâèé ïðåäñòàâëåíî â âèäå âçâå-
øåííîé ñóììû ãàóññîâñêèõ ðàñïðåäåëåíèé. Ñ ó÷å-
òîì ñâîéñòâà óñëîâíûõ ïëîòíîñòåé âåðîÿòíîñòè
âûõîäíûõ ïðîöåññîâ ìîæíî çàïèñàòü:

Ðèñ. 2. Ñèñòåìà ñî ñòîõàñòè÷åñêèì ïîâåäåíèåì

Ðèñ. 3. Äåòåðìèíèðîâàííàÿ ñèñòåìà ñî ñòîõàñòè÷åñêè-
ìè âõîäàìè
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( ) ( ) ( ), .yW y f x v w v dvx δ
•

-•

È ˘= -Î ˚Ú

Åñëè ñóùåñòâóåò îäíîçíà÷íàÿ îáðàòíàÿ ôóíê-

öèÿ ( , ),v x yϕ=  òî óñëîâíàÿ ïëîòíîñòü çàïèøåòñÿ

â âèäå

( ) ϕ
ϕ λ( ) ( ) ( )

1

( , )
( , ), ,

N
v v v

n n n
n

d x yyW q W x yx dy=

È ˘= Î ˚Â

ãäå ( )v
nλ  — ïàðàìåòð ïëîòíîñòè âåðîÿòíîñòè n-é

êîìïîíåíòû ñìåñè âíåøíåãî âîçäåéñòâèÿ.
Òîãäà ñîâìåñòíàÿ ïëîòíîñòü âåðîÿòíîñòè âõîä-

íîãî è âûõîäíîãî ïðîöåññîâ ïðèìåò âèä
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ãäå ( )x
nλ  – ïàðàìåòð n-é êîìïîíåíòû ïëîòíîñòè âå-

ðîÿòíîñòè âõîäíîãî ïðîöåññà Õ.
Ïîëó÷åííîå âûðàæåíèå ñîâìåñòíûõ ïëîòíîñ-

òåé âõîäà-âûõîäà ñèñòåìû ïîçâîëÿåò íàéòè ïëîò-
íîñòü âåðîÿòíîñòè ïðîöåññà

( )

( ) ( ) ( ) ( ) ( )

1 1
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( ) ( , )
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n i n n i

n i
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d x y
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dy
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ϕ
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•
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= ¥

È ˘¥ Î ˚

ÂÂ Ú

Ïîëüçóÿñü ýòîé ôîðìóëîé, îïðåäåëèì ïëîò-
íîñòü âåðîÿòíîñòè ðàññåèâàíèÿ ïîòåíöèàëüíîé
ýíåðãèè äåôîðìàöèè ëèíåéíîãî óïðóãîãî ìàòåðè-
àëà ïðè ñëó÷àéíûõ òåìïåðàòóðíûõ âîçäåéñòâèÿõ.

Èçâåñòíî, ÷òî ïîòåíöèàëüíàÿ ýíåðãèÿ äåôîð-
ìàöèè ñòåðæíÿ u ñâÿçàíà ñ ìîäóëåì óïðóãîñòè è
äåôîðìàöèåé ñîîòíîøåíèåì

21
.

2
u Eε=

Äîïóñòèì, ÷òî ìîäóëü óïðóãîñòè Å ÿâëÿåòñÿ
ôóíêöèåé òåìïåðàòóðû:

0 01 ( ) ,ÒE E Ò ÒαÈ ˘= - -Î ˚

ãäå Å0 — ìîäóëü óïðóãîñòè ïðè Ò0 = 25 °Ñ;

Tα — êîýôôèöèåíò ïðîïîðöèîíàëüíîñòè.

Ñ÷èòàåì, ÷òî ïëîòíîñòü âåðîÿòíîñòåé òåìïåðà-
òóðû ÿâëÿåòñÿ ñìåñüþ ãàóññîâñêèõ ïëîòíîñòåé âå-
ðîÿòíîñòè:
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ñëó÷àéíîãî òåìïåðàòóðíîãî âîçäåéñòâèÿ.
Àíàëîãè÷íî ïëîòíîñòü âåðîÿòíîñòè ñëó÷àéíîé
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ãäå îáðàòíàÿ ôóíêöèÿ ( , )T uϕ ε=  è ÿêîáèàí ïðå-

îáðàçîâàíèÿ, ñîîòâåòñòâåííî,

( )1 2 1 2
01 2 ; 2 .T T T

d
T u T

du
ϕ

α ε α α ε- - - -= - + = -

Ïðèìåð 2. Ïóñòü ìåæäó ïîïåðå÷íîé íàãðóçêîé,
äåéñòâóþùåé íà áàëêó, è åå äåôîðìàöèåé ñóùå-
ñòâóåò ñòîõàñòè÷åñêàÿ ñâÿçü, îáóñëîâëåííàÿ, íà-
ïðèìåð, íàëè÷èåì âíóòðåííåãî äåôåêòà, åñëè äëÿ
èññëåäóåìîãî ñå÷åíèÿ èçâåñòíû ôóíêöèè ïëîòíî-
ñòè èçãèáàþùåãî ìîìåíòà è èçãèáíîé æåñòêîñòè.

Ïîëàãàåì, ÷òî æåñòêîñòü áàëêè èìååò ïëîò-
íîñòü âåðîÿòíîñòè WEJ, à íàãðóçêà — WM.

Â ñîîòâåòñòâèè ñ ïðèâåäåííîé âûøå ñõåìîé
(ñì. ðèñ. 3) âíóòðåííþþ ñëó÷àéíóþ âåëè÷èíó ìîæ-
íî ðàññìàòðèâàòü êàê äîïîëíèòåëüíîå ñëó÷àéíîå
âîçäåéñòâèå (ðèñ. 4).

Ðèñ. 4. Ïðèìåð ñòîõàñòè÷åñêîé ñèñòåìû
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Ñ÷èòàÿ íàãðóçêó è æåñòêîñòü íåçàâèñèìûìè,
èìååì

( ) ( )

( ) ( ) ( ) ( )

âõ( ") ,
"

", .M EJ

dM
W y W M EJ d EJ

dy

W y EJ W EJ EJ d EJ

•
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•

-•

= =

=

Ú

Ú
     

(16)

Çäåñü Wâõ(M, EJ) — ñîâìåñòíàÿ ïëîòíîñòü âåðîÿò-
íîñòè:

( ) ( ) ( )âõ âõ âõ, .W M EJ W M W EJ= ◊

Î÷åâèäíî, ÷òî ôîðìóëà (16) äàåò íåëèíåéíóþ
ôóíêöèþ ïëîòíîñòè ñìåñè, à íå êàêîãî-ëèáî ñòàí-
äàðòíîãî ðàñïðåäåëåíèÿ. Íà ïðàêòèêå æåñòêîñòü
ïðè îïðåäåëåííîì óðîâíå ðàçðóøåíèÿ êîíñòðóê-
öèè íà÷èíàåò ÿâíî çàâèñåòü îò íàãðóçêè, è ïîòî-
ìó ñîâìåñòíóþ ïëîòíîñòü âåðîÿòíîñòè Wâõ(M, EJ)
íàäî îïðåäåëÿòü ñ ó÷åòîì ýòîãî îáñòîÿòåëüñòâà.

Âûâîäû

Íåëèíåéíîå ïîâåäåíèå ýëåìåíòà êîíñòðóêöèè,
âûçâàííîå, íàïðèìåð, ðàññëîåíèåì èëè òðåùèíîé,
ìîæåò ñóùåñòâåííî èçìåíèòü çàêîí ðàñïðåäåëåíèÿ
èñõîäíîãî ñëó÷àéíîãî ïðîöåññà è â îáùåì ñëó÷àå
íå îïèñûâàåòñÿ íîðìàëüíûì ðàñïðåäåëåíèåì.
Ïðåäëîæåííûé ïîäõîä ê ïîñòðîåíèþ ìîäåëåé
ìîæåò áûòü ïîëåçåí ïðè èäåíòèôèêàöèè ñèñòåì,
îïèñûâàåìûõ ýâîëþöèîííûìè óðàâíåíèÿìè.

Èçëîæåííûé ìàòåðèàë ìîæåò áûòü èñïîëüçî-
âàí ïðè ïðî÷íîñòíîì àíàëèçå êîíñòðóêöèé, êîã-
äà ïàðàìåòðû íàãðóçêè èçäåëèÿ è åãî äåôîðìàöèè
ÿâëÿþòñÿ ñëó÷àéíûìè ôóíêöèÿìè.
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Abstract

Solving problems of static strength, fatigue
resistance, and aeroelasticity can be performed in both
deterministic and probabilistic formulation.
Deterministic approach for aircraft strength computing
is adopted as the basic one both in this country and
abroad. Aircraft safety requirements increasing leads to
the necessity of considering probabilistic safety criteria
and development of normative standards for them.

The article deals with solving the inverse strength
problems in a probabilistic setting in a general form.
In the most general case, the elements of the “output”,
as well as parameters of the structure under study,
characterized by a certain operator, are stochastic. It
is assumed that the probabilistic measure of the
“output” is known and can be defined in the form of
theoretical distribution law. In this case, the inverse
strength problem in probabilistic setting is reduced to
either determining the probabilistic measure of
parameters of the “input” (at the determined
parameters of the “object”), or to determining the
probabilistic measure of the “object” parameters. It is
assumed initially, that the problems under
consideration are quasi-static, and unique deterministic
dependence between the “input” and the “output” is
known.

Examples of linear transformations for random
variables are given when determining probability
characteristics of load restoration and identification of
structures for the two models, namely a beam and a
thin-walled Odinokov’s structure.

Further, the article presents methods for analyzing
static systems with random parameters. The real
structural elements parameters randomness is being
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caused by the external environment disturbing effects,
unavoidable technological production errors etc. It
manifests in the form of cracks, starved spots, initial
irregularities and other factors, which may affect the
structure behavior in various ways. In particular,
destruction may be associated with a large number of
dislocations and stresses redistributions. This allows
expecting non-linear manifestations in the structure
material behavior in the form of hysteresis loops,
leading in general case to non-Gaussian distribution of
random values.

When considering static systems hereafter, an
internal random value (e.g. crack) is being interpreted
as an additional random impact at the deterministic
system input. This affects the system behavior and leads
to natural mixing of random output processes while
their transformation in the system, i.e. the effect of
natural formation of mixture of distributions.

The examples of determining the probability
density for the potential energy dissipation of the rod
deformation at random thermal effects, as well as
functions of the mixture density in the presence of the
internal defect in the beam were considered.

The obtained material can be recommended for
developing a base of standards on mixtures’ references
necessary for the purposes of structures diagnostics.

Keywords: random values, random phenomena
mixing, stiffness properties.

References

1. Alifanov O.M., Ivanov N.A., Kolesnikov V.A., Mednov A.G.
A technique to evaluate temperature dependences of
thermal and physical characteristics for anisotropic



50 Âåñòíèê Ìîñêîâñêîãî àâèàöèîííîãî èíñòèòóòà. Ò.26. ¹4

Ïðî÷íîñòü è òåïëîâûå ðåæèìû ëåòàòåëüíûõ àïïàðàòîâ Strength and thermal conditions of flying vehicles

materials basing on an inverse problem solution.
Aerospace MAI Journal, 2009, vol. 16, no. 5, pp. 247-254.

2. Parkhomovskii Ya.M. Trudy TsAGI. Issue 1999.
Moscow, Izdatel’skii otdel TsAGI, 1979, 16 p.

3. Odinokov Yu.G. Odinokov A.Yu. Izvestiya vysshikh
uchebnykh zavedenii. Aviatsionnaya tekhnika, 1984,
no. 4, pp. 53-58.

4. Red’ko V.F., Ushkalov V.F., Yakovlev V.P.
Identifikatsiya mekhanicheskikh system  (Identification
of mechanical systems), Kiev, Naukova dumka, 1985,
216 p.

5. Kostin V.A., Toropov M.Yu., Snegurenko A.P.
Obratnye zadachi prochnosti letatel’nykh apparatov
(Inverse strength problems of aircraft), Kazan,
Kazanskii gosudarstvennyi tekhnicheskii universitet,
2002, 284 p.

6. Bykov A.V., Parafes S.G., Smyslov V.I. Hardware and
software tools for computational and experimental
investigations of aircraft aeroelastic stability. Aerospace
MAI Journal, 2009, vol. 16, no. 5, pp. 56-63.

7. Nebelov E.V., Pototskii M.V., Rodionov A.V., Gorskii A.N.
Mechanism of damage propagation to the propeller
blades of composite materials with exposed damaging
elements. Aerospace MAI Journal, 2016, vol. 23, no. 1,
pp. 26-31.

8. Maximov N.À., Maluta E.V., Sharonov A.V.
Automated system for aircraft failures recorded during
preflight inspection recordkeeping. Aerospace MAI
Journal, 2015, vol. 22, no. 4, pp. 85-90.

9. Selikhov A.F., Chizhov V.M. Veroyatnostnye metody v
raschetakh prochnosti samoletu (Probabilistic methods in
calculating the aircraft strength), Moscow,
Mashinostroenie, 1987, 240 p.

10. Bolotin V.V. Statisticheskie metody v stroitel’noi
mekhanike (Statistical methods in structural mechanics),
Moscow, Stroiizdat, 1961, 202 p.

11. Bolotin V.V. Primenenie metodov teorii veroyatnostei i
teorii nadezhnosti v raschetakh sooruzhenii (Application
of probability and reliability theory methods in
calculations of structures), Moscow, Stroiizdat, 1971,
225 p.

12. Gusev A.S., Svetlitskii V.A. Raschet konstruktsii pri
sluchainykh vozdeistviyakh (Calculation of structures at
random impacts), Moscow, Mashinostroenie, 1984,
240 p.

13. Svetlitskii V.A. Sluchainye kolebaniya mekhanicheskikh
system (Random oscillations of mechanical systems),
Moscow, Mashinostroenie, 1991, 316 p.

14. Venttsel’ E.S., Ovcharov L.A. Teoriya sluchainykh
protsessov i ee inzhenernye prilozheniya (Theory of
stochastic processes and its engineering applications),
Moscow, Vysshaya shkola, 2000, 383 p.

15. Krylov A.A., Moskaev V.A. A technique for
fluoroscopic control and analysis of technical condition
of aircraft structural elements with honeycomb filler.
Aerospace MAI Journal, 2019, vol. 26, no. 2, pp. 139-146.

16. Odinokov Yu.G. Trudy KAI, 1946, issue 18, pp. 39–106.
17. Basseville M., Benveniste A. (eds.) Detection of Abrupt

Changes in Signals and Dynamical Systems. Springer-
Verlag Berlin Heidelberg, 1986, 375 p. DOI: 10.1007/
BFb0006385

18. Gol’tsman F.M. Fizicheskii eksperiment i statisticheskie
vyvody (Physical experiment and statistical inferences),
Leningrad, LGU, 1982, 192 p.

19. Safiullin N.Z. Analiz stokhasticheskikh sistem i ego
prilozheniya (Analysis of stochastic systems and its
applications), Kazan, Natsional’nyi gosudarstvennyi
tekhnicheskii universitet, 1998, 168 p.

20. Feller W. An Introduction to Probability Theory and Its
Applications. In 2 vols. 3rd edition. Wiley, 1968 & 1971,
528 & 704 p.

21. Bogdanoff J.L., Kozin F. Probabilistic Models of
Cumulative Damage. New York, John Wiley & Sons,
1985, 341 p. DOI: 10.1137/1028146

22. Novikova S.V., Snegurenko A.P. Materialy XIII
Mezhdunarodnoi nauchnoi konferentsii (12–16 July 2017,
Saransk) “Differentsial’nye uravneniya i ikh prilozheniya
v matematicheskom modelirovanii”. Saransk, Izdatel’stvo
Sredne-volzhskogo matematicheskogo obshchestva,
2017, pp. 119-130.

23. Arslanov A.M. Veroyatnostnye podkhody k silovomu
proektirovaniyu elementov konstruktsii (Probabilistic
approaches to the power design of structural elements),
Kazan, KAI, 1992, 92 p.

24. Kostin V.A. Vestnik Kazanskogo gosudarstvennogo
tekhnicheskogo universiteta im. A.N. Tupoleva, 2013,
no. 4(72), pp. 13-15.


